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Abstract

Whena searchproblemis solved by a distributed
network of agents,it is desirablethat this search
exploits asynchronismasmuchas possible. This
increasesparallelism,allowsagentstomaintainpri-
vacy and makes the processrobust againsttim-
ing variations.Recentwork on bringingconstraint
satisfactiontechniquesto distributedenvironments
has focusedeither on backtracksearchor on lo-
cal consistency. A high degreeof asynchronism
canbe reachedwhenthe two techniquesarecom-
bined. A genericprotocol for maintainingcon-
sistency during distributedsearchis presented.It
allows: i) distributed consistency to be enforced
concurrentlyat all levels of the searchtreesand
ii) decisionsaboutinstantiationsandagentreorder-
ing to be takenasynchronouslyby theagents.We
show how its completenesscanbe ensuredduring
backtrackingwith polynomialspacerequirements
when a large classof reorderingpolicies is used.
A comparative experimentalevaluationof several
instancesof thisprotocolis presented.

1 Intr oduction
A constraintsatisfactionproblem(CSP)is definedasa setof
variablestaking their valuesin particulardomainsandsub-
ject to constraintsthatspecifyconsistentvaluecombinations.
Solving a CSPamountsto assigningto its variablesvalues
from their domainsso that all the constraintsare satisfied.
Distributed constraintsatisfaction problemsarisewhen the
constraintsor variablescomefrom a setof independentbut
communicatingagents.

Maintaining local consistency with dynamic reordering
duringbacktracksearch(e.g.[SabinandFreuder, 94]) is one
of themostpowerful techniquesfor solvingcentralizedCSPs.
While in that setting,instantiationandconsistency enforce-
mentstepsalternatesequentially, muchmoreelaboratecom-
bination schemescan be proposedfor distributed CSPsby
enablingtheagentsto actasynchronously. Asynchronismis
desirablesinceit givesthe agentsmorefreedomin the way
they cancontribute to searchandenforcetheir privacy poli-
cies.Namely, beforethedeadlineof anagentfor giving some
information,otheragents’announcementsmay preemptthe

needof undesireddisclosures.It also increasesboth paral-
lelism androbustness.In particular, robustnessis improved
by thefactthatthesearchmaystill detectunsatisfiabilityeven
in thepresenceof crashedagents.

In this paperwe targetproblemswith finite domains.We
considerthat eachagent ��� wants to satisfy a local CSP,
CSP(� � ). Theagentsmaykeeptheir constraintsprivatebut
publishtheir interestonvariables.We distinguishfour facets
of asynchronism.Thoroughlystudiedpreviouslyare:

a) decidinginstantiationsof variablesby distinct agents.
The agents can propose different instantiations
asynchronously (e.g. Asynchronous Backtracking
(ABT) [Yokooetal., 98]).

b) enforcingconsistency. Thedistributedprocessof achiev-
ing “local” consistency on the global problemis asyn-
chronous(e.g. DistributedArc Consistency [Zhangand
Mackworth,91]).

No polynomialspaceasynchronouscompletealgorithmwas
known for:

c) maintaining consistenciesasynchronously. Instantia-
tionsandasynchronouslocal consistency enforcements
no longeralternatesequentially. Consistency canbeen-
forcedconcurrentlyatall levelsin thedistributedsearch
trees.Domainreductionsareusedassoonasavailable.

d) performingreordering. Dynamicreorderingcanbede-
cidedasynchronouslyby severalagents.Asynchronous
WeakCommitment[Yokooetal., 98] is apowerful tech-
nique,but requiresexponentialspacein the numberof
variablesfor completeness.

We proposea genericprotocol, Multiply Asynchronous
Search(MAS), which integratesasynchronismsof type a,
b, c, and d, and requirespolynomialspace. We denoteby���	��
��� ��� ��� ���

versionsof MAS thatbehavewith asynchro-
nismsof differenttypes.“ � ” standsfor presenceand“ � ” for
absenceof sometype of asynchronism,respectively a, b, c
or d, accordingto thecorrespondingposition.Completeness
andcorrectnessof the protocol is demonstratedandfour of
its instancesareexperimentallyevaluated.

2 Background & Definitions
AsynchronousAggregationSearch(AAS) is a generalcom-
pleteprotocolfor solving distributedCSPswith polynomial



spacerequirements[Silaghi et al., 2000]. It allows for all
known� asynchronousinstantiationschemes.In AAS, aspre-
sentedfurther in this section,the agentsexchangemessages
about setsof valuesfor combinationsof variables(aggre-
gates).In thispaperwereferto anassignmentof avariable�
by anagent��� asaproposalof ��� on � . Thenext definitions
areborrowedfrom AAS:

Definition 1 Anassignmentis a triplet ��������� �!�#"$�&% where �'�
is a variable, � � a setof valuesfor ��� , �(��)*,+ , and "'� a history
of thepair �-� � �#� � % .
Thehistoryguaranteesa correctmessageordering. It deter-
minesif a givenassignmentis morerecentthananother. Let.�/ * ���'�0��� �!��"'�1% and .$2 * ���������&3� ��"43� % betwo assignments
for thevariable � � . . / is newer than . 2 if " � is morerecent
than "43� . Thenewestassignmentsreceivedby anagent��� de-
fineits view, view( ��� ). An aggregateis asetof assignments.
Let 5 beanaggregateandvars(��� ) thevariablesof CSP(��� ).
The set of tuplesdisabledfrom CSP(� � ) by 5 is formally687 �-9:% *<;1=?> =@* ��� / *�A /B �1CDCCD�@�4E *�A EB % ,F'G��H���!I vars(��� ); FKJ�)* G ,� � )* �KL ; n= > vars(� � ) > ; M�N�IPORQ�CDC S�T , ����U'���VU0�#"4UW% IX5 , A UB )IY�VU0Z .
Definition 2 5 3�[]\_^ �H�`5a% is a nogoodentailed for b 7

by
its view V, denotedc:9 7 ��9d% , iff 583`e�5 and ^ �`5f3g% * ^ �`58% .
Definition 3 An explicit nogood has the form \ 5 , or5 [ fail, where 5 is anaggregate.

Theinformationin thereceivednogoodsthat is essentialfor
completenesscanbestoredcompactlyin a polynomialspace
structurecalledconflict list nogood.

Definition 4 A conflict list nogood(CL) for b 7
hastheform5 []\_^ , where V e view(��� ) and ^ is a setof tuples:^ *<;1=h> =@* ��� B`i *�A /B �jCCDC�H� B�kjl *�A E lB % �mFnN��H� B-o I vars(��� ) Z ,

such that ^ canberepresentedby thestructuresof a central-
izedbacktrackingalgorithm.

Orders and Histories The agents communicateusing
channelswithout messageloss. In order to obtain instanti-
ationasynchronism(typea),with noinfinite loops,AAS uses
a strictorder p onagentsasproposedfor ABT. In thesequel
of thepaper, � � � denotestheagent��� with theposition(pri-
ority ) G��qGdrts , whentheagentsareorderedby p . If G:uvN ,
we saythat � � hasa higherpriority than � U . � � is thena
successorof � U , and � U a predecessorof � � . Theasynchro-
nismobtainedin this way is restrictedto proposalsmadeon
distinctvariables.By alsousinghistories, AAS allows asyn-
chronousproposalsonthesamevariablesby differentagents.
An agent� � � associatesa history " � w � x to eachproposal,. , it
makeson any variable � . Thehistory " � w � x is constructedby
prefixingthehistoryof thenewestassignmenton � proposed
by a predecessorandknown to � � � , if any, to thepair > Gzy�{ > . {
is thevalueof acounterfor thenumberof proposalsof � � � on� . A pair > G / y { / > haspriority overapair > G 2 y { 2 > if eitherG /}| G 2 ,
or G / * G 2 and { / u~{ 2 .

A history " / is morerecentthanahistory " 2 if MV�Xr~s such
that " / and " 2 have identicalprefixesof length� and " / con-
tainsat position � a pair having priority over a pair foundat
position� in " 2 . Similarly, if " / is aprefixof " 2 , " / )* " 2 then" 2 is more recent than " / . This conventionsdefinea total
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Figure1: Distributedsearch trees:simultaneousviewsof dis-
tributedsearch seenby � /

, � 2
, and ��� , respectively.

orderon histories. An assignmentwith history " � w built by� � for avariable� is valid for anagent���a�H��r?G if noother
historyknown by ��� andbuilt by agents� U ��N���G for some
assignmentof � , is morerecentthan " � w . A nogoodis valid if
all theassignmentscontainedin its premisearevalid.

TheAAS protocolis definedby thenext messages1:� ok() messageshaving asparameteran aggregate,5 .� nogood() messagesannouncingan explicit nogood.� addlink(vars) messagestransportinga setof vari-
ables.They aresentfrom agent� � to agent� � , G4u�� and
inform � � that � � is interestedin thevariablesA .0� � .

ok( 5 ) messagesannounceproposalsof domainsfor a
setof variablesandaresentfrom agentswith lower priori-
ties to agentswith higherpriorities. The proposalis sentto
all successoragentsinterestedin it. Let the setof valid as-
signmentsknown to the sender��� be denotedknown(��� ).5ze known(��� ). Any tuplenot in ^ � (known(��� )) mustsatisfy
thelocal constraintsof thesender� � andits valid nogoods2.
An agentmaintainsits view anda valid CL andalwaysen-
forcesits CL andits nogoodentailedby theview. Generally,
anassignmenthasto bebuilt andaddedto 5 by � � only if the
newestassignmentfor the samevariableknown by � � does
nothavethesamesetof values.3

nogood messagesaresentfrom agentswith higherprior-
ities to agentswith lower priorities. If given its constraints
and valid nogoodsan agentcan find no proposal,in finite
time it sendsanexplanationundertheform of anexplicit no-
good \�� via anogoodmessageto thehighestpriority agent
thathasbuilt anassignmentin � . An emptynogoodsignals
failure of the search.On the receiptof a valid nogoodthat
negatesits last proposedaggregate, 5 , an agentknows that
proposal5 is refused.Any receivedvalid explicit nogoodis
mergedinto themaintainedCL usinganinferencetechnique.

Distributed Consistency(DC) A centralizedlocal consis-
tency algorithmprunesfrom thedomainof variableslocally
inconsistentvalues.A computedrestricteddomainis called
label. Let theunion of CSPsandconstraintsbea CSPcon-
tainingall theconstraintsandvariablesreferredin arguments.
Let � beaDistributedCSPwith theagents���@�H�#I ; Q�CDC S�Z and
let ���`�8% be � ���0� /(��� E�� CSP(��� ). Let � bea centralizedlocal
consistency algorithm(e.g.arc-,bound-consistency). We de-
noteby DC(� ) a distributedconsistency algorithmthatcom-
putesby exchangingvalueeliminationsthesamelabelsfor �

1Sometechnicaldetailsfrom AAS areomitted.
2Exceptfor constraintsaboutwhich ��� knows that a successor

enforcesthem(asin ABT).
3Exceptionsappearfor the first proposalmadeby � � after no-

goodsof certaintypesarediscarded(seeAAS).
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e� 4:cost 1: nogood{a={1}|0:0|✕ b={0}|0:0|}

1:cost 0: propagate(0):a={0..2}:cnt=0

3:cost 1: propagate(0):b={0..2}:cnt=0
2:cost 0: ok:a={1}|0:0|✕ b={0}|0:0|

5:cost 2: propagate(0):a={0,1}:cnt=1
6:cost 2: ok:a={0}|0:1|✕ b={1}|0:1|
7:cost 3: propagate(0):b={0,1}:cnt=1
8:cost 3: nogood{a={0}|0:1|✕ b={1}|0:1|}

9:cost 4: nogood{}
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6:cost 5: nogood{a={1}|0:0|✕ b={0}|0:0|}

1:cost 0: propagate(0):a={0..2}
2:cost 1: propagate(0):b={0..2}

5:cost 4: ok:a={1}|0:0|✕ b={0}|0:0|

3:cost 2: propagate(0):a={0,1}

7:cost 6: ok:a={0}|0:1|✕ b={1}|0:1|

4:cost 3: propagate(0):b={0,1}

8:cost 7: nogood{a={0}|0:1|✕ b={1}|0:1|}
9:cost 8: nogood{}

a) synchronous b) asynchronous

Figure2: Comparativetracesfor distributedconsistencymaintenance.
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Figure3: a,b) Synchronismvs. asynchronismin consistency
maintenanceseenat ��� ; c) A simpleproblemwhere running
search andconsistencymaintenanceasynchronouslyhelps.

than � for ���-�8% . If suchlabelswerecomputedfor � , wesay
that � becomesDC consistent.Genericinstancesof DC(� )
aredenotedby DC.Typically with DC, themaximumnumber
of generatedmessagesis . 2 A0� andthemaximumnumberof
sequentialmessagesis A0� ( A :numberof variables,� :domain
size, . :numberof agents).

Eachagenthasits ownperceptionof thedistributedsearch.
In this perception,thesearchspacesassociatedto arcsof the
searchtreearedefinedby proposalsfrom its predecessors.In
Figure1 is shown a simultaneousview of threeagents.Only� /

knowsthefourthproposalof �~� . � 2
hasnotyet received

the third proposalof � /
consistentwith the third proposal

of � � . However, ��� knows that proposalof � /
. Sinceit

hasnot receivedanythingvalid from � 2
, ��� assumesthat � 2

agreeswith � /
. In practiceit mayhappenthatanagentsees

only partly thevalid proposalof anotheragent.Thedepthin
distributedsearchtreesis referredto aslevel. Historieshelp
agentsto eventuallygetcoherentviewsat thesamelevel.

3 Multiply AsynchronousSearch (MAS)
In this paper, instantiationasynchronism(type a) is under-
stoodasin AAS. Consistency asynchronism(type b) is ob-
tainedusingDC algorithms.

Asynchronousconsistencymaintenance Letusconsidera
problemwith variables�K�H�@�?IPO s�CDC�N0T . We assumethatfor this
problemAAS instantiatesateachnodeall thesevariables.5 �
denotestheaggregatewith thevalid assignmentsat level � as
known by �~� . In AAS 5 U mustbe includedin 5 UV� / . Fig-
ure3 schematizestheway in which thesizeof thelabelof � �
evolveswheninstantiationsareinterleavedwith DC. In Fig-
ure3a instantiationsandDC alternatesequentially[Tel, 99]
(protocolwe refer to as synchronousMDC) while in Fig-
ure 3b they are performedasynchronously. The white box
numberedby N standsfor thelabelfor � � obtainedat level N
of thesearch.Thedarkgrayboxesrepresentthevalueselim-
inatedby the valid assignmentof � � in an aggregate. The

light gray boxesrepresentthe othervaluesof � � eliminated
by DC. In Figure3a, theconsistency computationat level N
is startedonly aftera new instantiationis proposedby agent� UV� / . Moreover, the instantiationof agent � U canbe done
only aftertheendof consistency computationat level N .

In a distributed setting, for making a proposal(assign-
ment),thereisnoneedtowait in anodeuntil all theconsisten-
ciesin thepreviouslevelson thesamebranchconverge. We
show thatequivalentlabelscanbecomputedasynchronously.
In fact,at a givenlevel valueeliminationresultsfrom oneof
thefollowing processes:instantiation,DC at this level, or in-
heritancefrom DCsatpreviouslevelsalongthesamebranch.
We proposeto run all theseprocessesconcurrently(thelight
grayboxesin Figure3bcanoverlap).

Let usnow illustratethebehavior of asynchronismof type
c, concerningmaintainingconsistencies,usinga simpleex-
amplewith two agentshandlingasingleconstrainteach.The
constraintsinvolvethesamevariables,. and � , andareshown
in Figure3c. Checkedpositionsin constrainttablesstandfor
feasibletuples.Figure2 comparesthetracesof messagepass-
ing for thisexamplebetweensynchronousandasynchronous
variantsof maintainingdistributedconsistency. Thebasical-
gorithm behavesasAAS except that, in additionto ok and
nogood messages,it alsoallowsfor propagatemessages
which inform theagentsaboutdomainreductionscomputed
by theDC processes.In Figure2, propagate(k):x=sis ames-
sageinformingthereceiverthatthelabel � hasbeencomputed
by DC at level N for the variable � . The cost refersto the
numberof sequentialmessagesrequired.cnt=j tells that the
labelsweretaggedatsenderwith thecounterj. In Figure2a,a
proposalcannotbemade(message5) beforetheconvergence
of DC which requires4 sequentialpropagate messages.
Still, the sameamountof searchremainsto be done. The
synchronoussearchrequireseightsequentialmessages.Fig-
ure 2b shows that the whole searchspacecanbe exhausted
with four sequentialmessageswith asynchronismof typec.

Asynchronousreordering By properlyusinghistorieswe
can also implementasynchronismof reorderingwith poly-
nomial spacerequirements.An order, �` $��"K¡ , is given by a
sequence  of distinctagents� � CDC � U . All theagentsthatdo
notappearin   areconsideredto beorderedby theirnameand
follow � U . A history, " , is attachedto eachorderdecidedby
anagent.This history is constructedexactly asfor instantia-
tionsandthevalidorderis thenewest.All thedecisionstaken
within a certainorderare taggedwith that order. Figure4
shows how for the problemin Figure5 dynamicreordering
is achievedat eachnode.Theproblemhas3 variablesandis
definedby 3 agentswith oneconstrainteach. The heuristic
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a={1..3}✕b={0..1}

A2A3

4:cost 0: ok:b={0,1}|0:0|✕a={1..3}|0:0|;order:{A1}|-1:0|3:cost 0: ok:a={1..3}|0:0|✕b={0,1}|0:0|;order:{A1}|-1:0|

7:cost 2: heuristic(0):a={3}-e{b|0:0|a|0:0|};order:{A1}|-1:0|

A2

11:cost 3: reorder:{A1,A2}|-1:0|0:1|

A3

10:cost 3: 
reorder:{A1,A2}|-1:0|0:1|

2:cost 0: reorder:{A1,A3}|-1:0|0:0|1:cost 0: reorder:{A1,A3}|-1:0|0:0|

12:cost 4: ok:a={3}|0:0|1:0|✕c={1,2}|1:0|;order:{A1,A3}|-1:0|0:1|

8:cost 2: ok:b={0}|0:0|1:0|✕c={1}|1:0|;order:{A1,A3}|-1:0|0:0|
9:cost 3: heuristic(1):a={3}-e{b|0:0|;c|1:0|};order:{A1}|-1:0|

a={3}✕c={1,2}

Solution

Solution

5:cost 1: propagate(1):c={1,2}-e{b|0:0|}:cnt=0;order:{A1}|-1:0|

order:{A1,A2}

order:{A1,A3}

order:{A1,A2,A3}

b={0}✕c={1}

6:cost 1: heuristic(0):c={1,2}-e{b|0:0|};order:{A1}|-1:0|

Figure4: A simplerun of consistencywith asynchronousreordering. addlink messagesare redundantfor thisheuristic.
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in thisexampleconsistsof choosingthenext agentastheone
with the leastnumberof allowed tuples(leastvolume). To
allow anagent� U to computethevolumesof its successors,
heuristic messagesareused.They aresentto � U by all
agentsthatprove valueeliminationsfor levels lower thanor
equalto Na�£Q . Thereorderingdecisionsarecommunicated
to agents� � �qG�u¤N . In Figure4 theovalsrepresentdecisions
taken by an agent. We assumethat beforethe shown trace,
someagenthasdecidedtheorder: ; � / Z |-1:0| establish-
ing theidentityof ��� as � / . Agent � / decidestheshown in-
stantiationandorderandinformsappropriatelyits successors
by sendingreorder andok messages.Uponreceiptof an
ok messagefrom � / , � � sendsa propagatemessageto � 2
with areduceddomainfor ¥ . Once� 2 receivesthisreduction,
the domainof . becomes;V¦ Z . This informationis reported
to � / by messages6 and7 andallows � / to reconsiderthe
order. Thereorderingdecisionsentby agent� / via message
2 is discardedat � � whenthedecisionin message10 arrives
with a newerhistory.

4 The MAS protocol
We assumethata messagedoesnot necessarilyneedto head
directly to its targetagent.Its contentcantravel indirectly to
thetargetvia severalagents.However, werequirethecontent
to arriveatdestinationin finite time. Partsof thecontentof a
messagemaybecomeinvalid dueto neweravailableinforma-
tion. Thereceiver candiscardtheinvalid incominginforma-
tion, or canreuseinvalid nogoodswith alternative semantics
(e.g. asredundantconstraints).However, whenthechannel
(intermediaryagents)holdsinformationthatit knowsinvalid,
it is allowedto discardthatinformation.

4.1 Maintaining ConsistencyAsynchronously
The ok, nogood andaddlink messagesareas in AAS.
In addition,theagentsmayexchangeinformationaboutno-
goodsinferredbyDCs.Thisis doneusingpropagatemes-
sages.

Definition 5 A consistencynogoodfor a level N anda vari-
able � has the form 5 [ ���XIY{ Uw % or 5 [§\ �-�YI_�}¨V{ Uw % . 5 is
an aggregateand maycontainfor � an assignment( � , � , " ),{ Uw�© � . Anyassignmentin 5 musthavebeenproposedbypre-
decessorsof � U . { Uw is a label, { Uw )*,+ .

The propagate messagestake as parametersa list of
consistency nogoods,thereferenceN of a level anda counter
of thepropagate messagessentby the sender. They are
sentto all interestedagents� � �@�#r�N . Thenogoodsaremeant
to allow theagents� � to computeDC consistentlabelsonthe
problemobtainedby integratingthemostrecentproposalsof
the agents� � �qG | N . ��� may receive valid consistency no-
goodsof level N with thevariablesvars, varsnot in vars(��� ).��� mustsendaddlinkmessagestoall agents� U ª �#N'3 | N not
yet linkedto � � for all vars. In orderto achieveconsistencies
asynchronously, besidesthestructuresof AAS, implementa-
tionscanmaintainatany agent� L� , for any level N , N���J :� Theaggregate,5 �U , of thenewestvalid assignmentspro-

posedby agents� � �qG | N , for eachinterestingvariable.� Foreachvariable� , �XI vars(��� ), for eachagent� B� � = r~N ,
the last consistency nogoodsentby � � for level N , de-
noted¥(S Uw �-�#�qG$% , if valid. It hastheform 5 U� � w [ ���XIX� U� � w % .

¥(S Uw ���#�H�«% is recomputedby inference(e.g.usinglocal consis-
tency techniques)for eachvariable � for theproblem �X���`N�% .
Let ¥(S Uw ���#�jC�% be �q� B¬ UB � � 5 B� � w % [ ���XIY® B¬ UB � � � B� � w % .

�X���`N�%�y *v¯±°'² �`���m%����`� w ¥(S Uw ���#�1C %@%n�´³~µ,�@�q5 �U %n� ¯�¶�·¸
�,¹ ·¸ is theCL of � L� if N * J andanemptysetof constraints
otherwise. ¥(S Uw �-���@�«% is storedand sent to other agentsby
propagate messagesiff any constraintof ¯±°�² �-� � % was
usedfor its logical inferencefrom � � �`N�% andits labelshrinks.

We now prove the correctness,completenessand termi-
nationpropertiesof

���	��
Dº�� º�� º�� � � . We only useDC tech-
niquesthatterminate.Techniquesto achievesucha behavior
areoutsidethe scopeof this paper. (see[ZhangandMack-
worth,91;BaudotandDeville, 97]).

Lemma 1
���	��
Dº�� º�� º�� � � is correct,complete, terminates.

Proof summary. Completeness:All the nogoodsaregen-
eratedby logical inferencefrom existing constraints.There-
fore, if asolutionexists,noemptynogoodcanbegenerated.

No infinite loop: By quiescenceof a groupof agentswe
meanthat noneof them will receive or generateany valid



nogoods,new valid assignments,or addlink messages.We
prov» eby inductiononincreasing� theproperty: In finitetime= � either a solution or failure is detected,or all the agents� � ��s��hG4��� reach quiescencein a statewhere they are not
refuseda proposalsatisfyingCSP(� � ) ��³�µ?¼ (view( � � )).

Let this be true for the agents� � �G | � . � � receives the
last valid ok messageat time = � ½ . M = �¾ , = �¾ r = � ½ suchthat after= �¾ , view( � � ) andall 5 LU �#N��±� of any agent� L areno longer
modified.CL L U ��N���� cannotbeinvalidatedafter = �¾ . SinceDCs
wereassumedto terminate,they terminateafter eachmodi-
fication of a CL L U . Sincethe numberof suchmodifications
after = �¾ is bounded,aftera finite time noconsistency nogood
is receivedany longerby � � for levels N��±� . Only onevalid
explicit nogoodcanbereceivedfor a proposalsincethepro-
posalis immediatelychangedon suchan event. Similarly,
thereis afinite numberof valid nogoodsthatcanbereceived
by � � for any of its proposalsmadeafter = �¾ (andafter = � ½ ).

If oneof theproposalsis notrefusedby incomingnogoods,
andsincethenumberof suchnogoodsis finite, theinduction
stepis correct. If all proposalsthat � � canmake after = � ½ are
refusedor if it cannotfind any proposal,� � hasto sendac-
cordingto rulesinheritedfrom AAS a valid explicit nogood\�� to somebody. If � isempty, failureis detectedandthein-
ductionstepis proved.Otherwise\�� is sentto apredecessor� � �G | � . Fromhere,asprovedfor AAS, it resultsthateither
emptynogoodis detected,or � � will receivea new proposal.
Thiscontradictstheassumptionthatthelastok messagewas
receivedby � � at time = � ½ andtheinductionstepis proved.

The propertycanbe attributedto an emptysetof agents
andit is thereforeprovedby inductionfor all agents.

Corr ectness:All valid proposalsaresentto all interested
agentsandstoredthere. At quiescenceall the agentsknow
thevalid interestingassignmentsof all predecessors.If qui-
escenceis reachedwithout detectinganemptynogood,then
all theagentsagreewith theirpredecessorsandtheir intersec-
tion is nonemptyandcorrectasprovedfor AAS.

If the agentsusing
�¿�,�h
Dº�� º�� º�� � � maintainall the valid

consistency nogoodsthat they have received, then DCs in���	��
Dº�� º�� º�� � � converge and compute a local consistent
global problem at eachlevel. If not all the valid consis-
tency nogoodsthatthey havereceivedarestored,but someof
themarediscardedafterinferringthecorresponding¥(S Uw �-���@�«% ,
somevalid boundsor valueeliminationscanbe lost whena¥(S Uw ���#�H�«% is invalidated.Differentlabelsarethenobtainedin
differentagentsfor thesamevariable.Thesedifferenceshave
asresultthattheDC at thegivenlevel of

���	��
Dº�� º�� º�� � � can
stopbeforetheglobalproblemis DC consistentat thatlevel.

Among the consistency nogoodsthat an agentcomputes
itself from its constraints,¥ S Uw ���#�@�m% , let it storeonly the last
valid one for eachvariable. Let ��� alsostoreonly the last
valid consistency nogood,¥(S Uw ���#�qG$% , sentto it for eachvari-
able �YI CSP(� � ) ateachlevel N from any agent� � . Then:

Proposition1 DC(� ) labelscomputedat quiescenceat any
level with thehelpof propagate messagesare equivalent
to � labelswhencomputedin a centralizedmannerona pro-
cessor. Thisis truewheneverall theagentsrevealconsistency
nogoodsfor all minimallabels, { Uw , which they cancompute.

Proof. In eachsentpropagate message,the consistency
nogoodfor eachvariableis the sameasthe onemaintained
by thesender. Any assignmentinvalid in oneagentwill even-
tually becomeinvalid for any agent. Therefore,any such
nogoodis discardedat any agent,if f it is alsodiscardedat
its sender. The labelsknown at differentagents,beingcom-
putedfrom thesamenogoods,arethereforeidenticalandthe
distributedconsistency will not stopat any level beforethe
globalproblemis localconsistentin eachagent.

Proposition2 The minimum space an agent needswith���	��
Dº�� º�� º�� � � for insuring maintenanceof the highestde-
gree of consistencyachievable with DC is O(. 2 A � A � � % ).
With boundconsistency, therequiredspaceis O �H� . A % 2 % .
Proof. Thespacerequiredfor storingall valid assignmentsis
O(� . A ) for valuesandO(. A ) for histories(storedseparately).
The agentsneedto maintainat most . levels, eachof them
dealingwith A variables,for eachof themhaving at most .
lastconsistency nogoods.Eachconsistency nogoodrefersat
most A assignmentsin premiseandstoresatmost � valuesin
label. Thestackof labelsrequiresthereforeO(. 2 A � A � � % ).
ThespacerequiredbyCL andby thealgorithmfor solvingthe
local problemdependson the correspondingtechnique(e.g.
chronologicalbacktrackingrequiresO(A )). CL alsorefersat
most A assignmentsin its premise.

4.2 Reordering AgentsAsynchronously
Forallowingasynchronousreordering,eachmessagereceives
asadditionalparameteranorder. New optionalmessagesare:� heuristic messagesfor heuristicdependentdata.� reorder messagesannouncinga new order, �- $�#"4¡ .

Theheuristic messagesareintendedto offer datafor
reorderingdecisions.Theparametersdependon theusedre-
orderingheuristic. Theheuristic messagescanbe sent
by any agentandhaveto besentto theagentsÀ U �#N�rf�fQ . À U
is thereorderingleaderof the level N , namelytheonedecid-
ing which agentwill have theposition Na�vQ . Theset ; À U Z
mayor maynot beincludedin ; � � Z . Theagents; À U Z need
notbedistinct.Theidentityof À U maybemodifiedby À U&� / .
heuristic messagesmayonly besentby anagentto À U
in a boundedtimeafterhaving receivedanok from � � �qG4�~N
or apropagate messageof level N�3 3q�#N'3 3-�~N��aQ .

If reorder messagesareused,theagentsarerequiredto
storeall the valid assignmentsproposedby their predeces-
sors,for all thevariablesthey areinterestedin. A reorder
messageis sentby À U to all the agentsthat aredefinedby
its parameterto havethepriority N��aQ��jCCDC�HS andto theagentsÀ � �qG4u�N . Any reorder messageis sentwithin a bounded
time afteraheuristic messageis received. Theprefix of
k+1 agentsof anorderdecidedby À U mustbethesamewith
the onein the newestorderreceivedby À U . À U appendsto
historiesof ordershebuiltsapair > N¿y�{ > where{ isacounterof
theordersit proposes.Assignmentsassociatedwith anorder,  ½ , olderthanthenewestreceivedone,  E , andbuilt by possi-
bly reorderedagentsor their successors,areinvalidated.The
first possiblyreorderedagentis � U º / , where N is the lowest
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Figure6: Asynchronousmaintainingconsistencies.Results
averagedover500problemsperpoint.

level whosereorderingleader, À U , hasaddeda pair > Nvy�{ >
makingadifferencebetweenthehistoriesof   ½ and  }E .
addlink messagesareno longersentonly to predeces-

sors,but to successorsaswell. Whentheheuristicin example
of Figure4 is used,addlink messagesareredundant.

To use dynamic asynchronousreordering, besidesthe
structuresof

���,�h
Dº�� º�� º�� � � , eachagentneedsto storeanor-
der. This is the newestorderit hasreceived. Thestructures
that have to be maintainedby À U , aswell asthe contentof
theheuristic messagesdependon thereorderingheuris-
tic. In our example(Figure5), we considerthe casewhere
agentsannounceall the interestedreorderingleadersof all
the labelsthey send. In Figure 4, the reorderingleaderof
level N , À U correspondsto theagent� U . À � / correspondsto
theagent� / . Thevolumeof � � is estimatedastheproductof
thesizeof domainsfor all variablesin vars(� � ). À � maintains
for all variablesandfor thelevels N , N����«�aQ similarstructures
to thoseof

���	�?
º�� º�� º�� � � atagent� L� for vars(� L� ) andlev-
els = , = ��J . Thespacecomplexity remainsthe sameaswith���	��
Dº�� º�� º�� � � .
Proposition3 MASis correct,completeandterminates.

Proof summary. Completenessandcorrectnessareproved
usingthesamereasoningasfor lemma1. No infinite loop:
We prove by inductionon increasing� thesamepropertyas
in the proof of lemma1 wherequiescencenow also refers
to reorder messagesandto any propagate messageof
level N����H�aQ . Let all agents� � �G | � reachquiescencebefore
time = � � / . Reasoningas for lemma1, M = � Á after which no
propagateof level N , N���� andthereforeno heuristicmessage
towardany À L , J | � is exchanged.Then, À L becomesfixed,
receivesno message,and announcesits last orderbeforea
time = �Â . After = �Â theidentityof � U ��N��±� is fixed. � � receives
thelastnew assignmentor orderat time = � ½ . Reasoningasin
lemma1 for � � and À � , it follows thatafter = � ½ , within finite
time, the agent � � eitherfinds a solutionandquiescenceor
exhaustsits possibilitiesand sendsa valid explicit nogood
to somebody. From here,the inductionstepis provenasin
lemma1. À � / is alwaysfixedandthepropertyis truefor the
emptyset.Theterminationresultsby inductionon � .

We seein Figure4 thatthesolutiondetectionmethodpro-
posedfor AAS candetectsolutionsbeforequiescence.How-
ever, if all the solutionsarerequired,that solutiondetection
algorithmmaydetectseveraltimesthesamesolutions.A qui-
escencedetectionalgorithmcanavoid this inconvenient.

5 Experiments
We have implementedthetechniquesandheuristicpresented
hereandwehaverunexperimentscomparingfour versionsof
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Figure7: Synchronousvs. Asynchronous.Resultsaveraged
over500problemsperpoint.

MAS. TheDC weusedmaintainsbound-consistency. In each
agent,computationat lower levelsis givenpriority overcom-
putationsat higherlevels. We generatedrandomlyproblems
with 15variablesof 8 valuesandgraphdensityof Ã!s0Ä . Their
constraintswererandomlydistributedin 20 subproblemsfor
20 agents.Figure6 shows their behavior for variabletight-
ness(percentageof feasibletuplesin constraints),averaged
over 500 problemsper point. We have testedtwo versions
of MAS, A1 andA2. A1 asynchronouslymaintainsbound
consistency at all levels. A2 is a relaxationwhereagents
only computeconsistency at levels wherethey receive new
labelsor assignments,notafterreductioninheritancebetween
levels. The versionsof MAS maintainingsomeconsistency
proved to be morethan10 timesbetterin average,even for
theeasypointswhereAAS requireslessthan2000sequential
messages.A2 wasslightly betterthanA1 in average(except-
ing at tightnessQ&Å0Ä ). In theseexperimentswe have stored
only the minimal numberof nogoods.The nogoodsarethe
maingainof parallelismin asynchronousdistributedsearch.
Storingadditionalnogoodswasshown for AAS to strongly
improve performanceof asynchronoussearch.As future re-
searchtopic,we foreseethestudyof new reorderingandno-
goodstoringheuristics.Testsshow thatthereorderingheuris-
tic weusedis in averagethreetimesbetterthanits reverseon
this typeof problemsat tightness¦ Ã�Ä .

SinceDCs terminatein finite time, synchronousMDC
is an instantiationof MAS, more exactly

���	�h
 � � º�� � � � � .
However, the asynchronismin

���	��
 � � º�� � � � � is limited to
small slicessincethe searchitself is actually synchronous
and any new decisionhas to be synchronizedamong all
agents.

���	�?
 � � º�� � � º�� doesnot exist since the notion of
asynchronousreorderingmakesno sensewith synchronous
search.We have designeda versionof

�¿�,�h
 � � º�� � � � � that
is basedonaggregationssimilarly to AAS. Ourversionis de-
notedS1in Figure7. In S1,terminationof DCsisdetectedus-
ing atechniquerequiring1 additionalsequentialmessageper
searchnode.Eachagent��� thatis beinginstantiatedlaunches
DC onknown(��� ) aftereachinstantiation,respectively on its
currentlyalloweddomainsbeforechangingits instantiation.� � startsa new DC by sendingthecurrentlabelsfor all vari-
ablesto all uninstantiatedagents.All themodifiedlabelsare
sentby theagentsrunningDC to ��� . After DC endswithout
domainwipe-out,� � choosestheagentwith thenext position
in thesearchto beanagentwith thesmallestvolumeamong
all thosethatarenot instantiated.All thelabelsarethensent
to the next agent. The first DC is startedby the agent � �



which thenchoosestheagentwith thefirst position. S1was
in av» erageslightlyworsethanasynchronousversions,except-
ing veryover-constrainedproblems.

6 Conclusions
We have presentedMAS, a new distributedsearchprotocol,
which allows for maintainingdistributedconsistency with a
high degreeof parallelismandallows for asynchronousdy-
namicagentreordering.MAS coverstwo frustratingholesin
theliterature.It allows for thefirst reallyasynchronousalgo-
rithm with polynomialspacecomplexity thatmaintainscon-
sistency. It alsoallows for the first asynchronousalgorithm
that is completeandenablesagentsto concurentlyandasyn-
chronouslyproposeagentreorderingwith polynomialspace
complexity. MAS is basedon AAS. It is a generalizationof
the best-known distributedcompletesearchalgorithmswith
polynomial memory requirements. The experimentshave
shown that the overall performanceof MAS is significantly
improvedcomparedto that of AAS. MAS hasmuchpoten-
tial in practice,it accommodatesa highernumberof agents
andlargerproblemsthanAAS andfully exploitstheaggrega-
tion capabilityof AAS. It haspolynomialspacecomplexity
requirementsfor a largeclassof reorderingheuristics.
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7 Annexes
7.1 Termination detection
In synchronousMDC we needto detectthe quiescenceof
theagents.In previouswork,distributedCSPalgorithmshave
detectedquiescenceusingthetechniquesfor distributedsnap-
shotpresentedin [ChandyandLamport,85]. Thisalgorithms
have the characteristicthat terminationtestsneedto be ini-
tializedby agentssuspectingquiescence.If the interestis to
detectquiescenceasquickly aspossible,othermethodsare
moreappropriate.

Wepresenthereaterminationdetectionmethodwhichonly
requestsonesequentialmessageafter the quiescenceof the
monitoredprotocol.This techniqueis well adaptedto consis-
tency maintenanceproceduresfor distributedCSPs.Related
terminationdetectionprotocolsarealreadyknown to thedis-
tributedsystemscommunity[Kumar, 1985;Mattern,87] and
theirproofalsoapplieshere.

Eachagent� � maintainsa counter¥ � � � for outgoingmes-
sagestowardseachotheragent�±� anda counter¥ � � � for in-
comingmessagesfrom eachagent �±� . When ��� becomes
idle, this countersaresentat any modificationto the agent^ checkingthetermination.When ^ detectsthat ¥ � � � * ¥ � � �
for all � and G , then ^ canannouncetermination.Sincethe
counterscanonly increase,thereis noneedof timestampsor
FIFO channelssincethehighestcountervalueis alwaysthe
newest.Severalterminationdetectionstagescansucceedsyn-
chronouslyoneafteranother, ashappenswith thesuccessive
consistency roundsin synchronousMDC. We may want to
distinguishthem.A simpleflagwith two valuesthatswitches
at the startof a new roundhasto be attachedto eachmes-
sage.If eachagentreceivesa messagein eachround,this is
sufficient to announcetheagentsthata new stagebeginsand
thatthelocal countersmustberesetto 0 (1 for theincoming
link announcingthe new round). Otherwisethe flag hasto
be replacedby an increasingcounterof the stages.In both
cases,the currentvalueof the flag (counter)is attachedto
themessagesrequestingbacktrackingin orderto updatethe
knowledgeof agentswith lowerpositions.

Themessagesneednot be sentdirectly to ^ . Eachagent
keepsa list ¹�¥ of countersthat it hasreceived. ¹?¥ contains
only the last received pair of vectorsof countersfor each
agent. If ��� hasto senda messagesto a set of agents� ,
it choosesan agent �±� in � . ��� attachesto the message
sentto � � the modifiedcountersin ¹�¥ , received from other
agents,aswell asand its own modifiedcounters.Then � �
clears¹?¥ . If � wasemptyafter ��� hasreceivedsomemes-
sages,it sendsits countersand its ¹�¥ to ^ and alsoclears¹?¥ . When ¹?¥ is largeenoughto fill thepayloadof amessage,
thenetwork chargeis reducedif anagentcansentthemod-
ified countersto ^ ratherthansendingthemfurther to other
agents. The size of ¹�¥ when the behaviour hasto change
is a function of the size > � > of the messagessentto agents
in � andalsodependson the maximumunfragmentedpay-
load (MTU) that canbe sentto ^ . The thresholdshouldbe> ¹?¥ > �v�`Æ ^	Ç � > � > �:  � Æ ^	Ç %«�´  � Æ ^	Ç .


