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Abstract

Whena searchproblemis solved by a distributed
network of agentsiit is desirablethat this search
exploits asynchronismas much as possible. This
increaseparallelismallowsagentso maintainpri-
vagy and makes the processrobust againsttim-
ing variations.Recentwork on bringing constraint
satishctiontechniquedo distributedervironments
hasfocusedeither on backtracksearchor on lo-
cal consisteng. A high degree of asynchronism
canbereachedvhenthe two techniquesarecom-
bined. A genericprotocol for maintainingcon-
sisteng during distributed searchis presented.It
allows: i) distributed consisteng to be enforced
concurrentlyat all levels of the searchtreesand
i) decisionsaboutinstantiation@ndagentreorder
ing to betaken asynchronouslyy the agents.We
shav how its completenessanbe ensuredduring
backtrackingwith polynomial spacerequirements
when a large classof reorderingpoliciesis used.
A comparatre experimentalevaluationof several
instance®f this protocolis presented.

1 Intr oduction

A constraintsatishctionproblem(CSP)is definedasa setof
variablestaking their valuesin particulardomainsand sub-

jectto constraintghatspecifyconsistentaluecombinations.

Solving a CSPamountsto assigningto its variablesvalues
from their domainsso that all the constraintsare satisfied.
Distributed constraintsatishiction problemsarise when the
constraintor variablescomefrom a setof independenbut
communicatingagents.

Maintaining local consisteng with dynamic reordering
during backtracksearch(e.g.[SabinandFreudeyr94)]) is one
of themostpowerfultechniquegor solvingcentralizedCSPs.
While in that setting,instantiationand consisteng enforce-
mentstepsalternatesequentiallymuchmoreelaboratecom-
bination schemesan be proposedfor distributed CSPsby
enablingthe agentso actasynchronouslyAsynchronisms
desirablesinceit givesthe agentsmorefreedomin the way
they cancontributeto searchandenforcetheir privagy poli-
cies.Namely beforethedeadlineof anagentfor giving some
information, otheragents’announcementsay preemptthe

needof undesireddisclosures.It alsoincreasedoth paral-
lelism androbustness.In particular robustnesss improved
by thefactthatthesearchmaystill detectunsatisfiabilityeven
in the presencef crashedagents.

In this paperwe target problemswith finite domains.We
considerthat eachagent A; wantsto satisfy a local CSR
CSPW;). The agentsmay keeptheir constraintgrivate but
publishtheir intereston variables.We distinguishfour facets
of asynchronismThoroughlystudiedpreviously are:

a) decidinginstantiationsof variablesby distinct agents.
The agents can propose different instantiations
asynchronously (e.g. Asynchronous Backtracking
(ABT) [Yokooetal., 99]).

b) enforcingconsistencyThedistributedproces®f achies-
ing “local” consisteng on the global problemis asyn-
chronoug(e.qg. DistributedArc Consisteng [Zhangand
Mackworth, 91]).

No polynomialspaceasynchronousompletealgorithmwas
known for:

€) maintaining consistenciesasyntironously Instantia-
tions andasynchronousocal consisteng enforcements
no longeralternatesequentiallyConsisteng canbe en-
forcedconcurrentlyatall levelsin thedistributedsearch
trees.Domainreductionsareusedassoonasavailable.

d) performingreordering Dynamicreorderingcanbe de-
cidedasynchronouslpy severalagents.Asynchronous
WeakCommitmen{Yokooetal., 98] is apowerful tech-
nique, but requiresexponentialspacein the numberof
variabledor completeness.

We proposea genericprotocol, Multiply Asynchronous
Search(MAS), which integratesasynchronism®f type a,
b, ¢, andd, and requirespolynomial space. We denoteby
MAS (4 + + 1) versionsof MAS thatbehae with asynchro-
nismsof differenttypes.”+” standdor presencand”—" for
absencef sometype of asynchronismrespectiely a, b, ¢
or d, accordingto the correspondingposition. Completeness
and correctnes®f the protocolis demonstrateénd four of
its instancesareexperimentallyevaluated.

2 Background & Definitions

AsynchronousAggregationSearch(AAS) is a generalcom-
plete protocolfor solving distributed CSPswith polynomial



spacerequirementgSilaghi et al., 200d. It allows for all
known asynchronoumstantiationschemesin AAS, aspre-
sentedfurtherin this section,the agentsexchangemessages
aboutsetsof valuesfor combinationsof variables(aggre-
gates)In this papemwe referto anassignmentf avariablex
by anagentA; asaproposalof 4; onz. Thenext definitions
areborrovedfrom AAS:

Definition 1 Anassignmenis atriplet (z;, s;, h;) wheez;
is avariable, s; a setof valuesfor z;, s;#0, andh; ahistory
ofthepair (z;, s;).

The history guarantees correctmessag@rdering. It deter
minesif agivenassignmenis morerecentthananother Let
a1 = (zj,85,h;) anday = (z;, s}, h;) betwo assignments
for the variablez;. a; is newerthanas, if h; is morerecent
thanh’,. Thenewestassignmenteeceivedby anagent4; de-
fineits view, view(A4;). An aggregateis asetof assignments.
LetV beanaggreyateandvars(4;) thevariablesof CSPA;).
The setof tuplesdisabledfrom CSP{;) by V' is formally
T;i(V)={t |t=(z1=v}, ..., 2, =v}) Vj, z;€EVars@;); Yu#j,
zj#T,; N=vars@;)|;3k € [1..n), (zk, sk, hi,)EV, vF sy}

Definition 2 V' — =T;(V) is a nogoodentailed for A; by
its view V, denotedN'V;(V), iff V/CV andT' (V') = T(V).

Definition 3 An explicit nogood has the form -V, or
V —fail, whee V' is anaggregate

Theinformationin thereceved nogoodshatis essentiafor
completenessanbe storedcompactlyin a polynomialspace
structurecalledconflictlist nogood.

Definition 4 A conflictlist nogood(CL) for A; hastheform
V — =T, where VCview(4;) andT is a setof tuples:

T={t [t=(zy =0}, ..., B =), Yk, z0 € vars(4;)},
sud thatT canberepresentedy thestructuesof a central-
izedbadtracking algorithm.

Orders and Histories The agents communicateusing
channelswithout messagédoss. In orderto obtaininstanti-
ationasynchronisnftypea), with noinfinite loops,AAS uses
astrictorder< onagentsasproposedor ABT. In thesequel
of thepaper A7 denoteghe agent4; with the position(pri-
ority) j,j > 0, whentheagentsareorderedby <. If j > k,
we saythat A7 hasa higher priority than A*. A7 is thena
successoof A*, andA* apredecessasf A7. Theasynchro-
nism obtainedin this way is restrictedto proposalsmadeon
distinctvariables.By alsousinghistories AAS allows asyn-
chronougroposal®nthesamevariableshy differentagents.
An agentA] associates historyh;7a to eachproposala, it
malkeson ary variablez. The history hgia is constructedy
prefixingthe history of the newestassignmenbn z proposed
by apredecessaandknown to A7, if ary, to thepair|j : I|. !
is thevalueof acounterfor thenumberof proposalof A} on
x. A pair |41 :11| haspriority overapair |j2:l2] if eitherj; <ja,
or j1=j2 andly >ls.

A historyh, is morerecentthanahistoryhs if 3p>0 such
thath; andh, haveidenticalprefixesof lengthp andh; con-
tainsat positionp a pair having priority over a pair found at
positionp in hy. Similarly, if by isaprefixof ha, b1 #£hs then
ho is more recentthanh;. This corventionsdefinea total

proposals of A0

Figurel: Distributedsearch trees:simultaneousiewsof dis-
tributedseach seenby A', A%, and A3, respectively

orderon histories. An assignmentvith history A% built by
A7 for avariablez is valid for anagent4™, m>j if noother
history known by A™ andbuilt by agentsA*, k<j for some
assignmenof z, is morerecentthanh?.. A nogoodis valid if

all theassignmentsontainedn its premisearevalid.

The AAS protocolis definedby the next messagés
e 0k() messagebaving asparametean aggrejate,V.
e nogood() messageannouncingn explicit nogood.

e addl i nk(vars) messagetransportinga setof vari-
ables.They aresentfrom agent4’ to agent4’, j>i and
inform A® that A7 is interestedn thevariablevars.

ok(V) messagesnnounceproposalsof domainsfor a
setof variablesand are sentfrom agentswith lower priori-
tiesto agentswith higherpriorities. The proposalis sentto
all successoagentsinterestedn it. Let the setof valid as-
signmentsknown to the sender4; be denotedknown(4;).
V Cknown(A4;). Any tuplenotin T;(known(A4;)) mustsatisfy
thelocal constraintsf the sender4; andits valid nogoods.
An agentmaintainsits view anda valid CL andalwaysen-
forcesits CL andits nogoodentailedby theview. Generally
anassignmenhasto bebuilt andaddedo V' by A4; onlyif the
newestassignmenfor the samevariableknown by A; does
not have the samesetof values®

nogood messagearesentfrom agentswith higherprior-
ities to agentswith lower priorities. If givenits constraints
and valid nogoodsan agentcan find no proposal,in finite
time it sendsanexplanationunderthe form of anexplicit no-
good—N viaanogood messag#o thehighestpriority agent
thathasbuilt anassignmenin N. An emptynogoodsignals
failure of the search.On the receiptof a valid nogoodthat
negatesits last proposedaggrayate,V, an agentknows that
proposalV is refused.Any recevedvalid explicit nogoodis
mergedinto themaintainedCL usinganinferenceechnique.

Distrib uted Consistency(DC) A centralizedocal consis-
teng algorithmprunesfrom the domainof variableslocally
inconsistentalues. A computedrestricteddomainis called
label. Lettheunion of CSPsandconstraintde a CSPcon-
tainingall theconstraintandvariablegeferredn arguments.
Let P beaDistributedCSPwith theagents4;,i€{1..n} and
let C(P) beU;eq1..,yCSPA;). Let A bea centralizedocal
consisteng algorithm(e.g.arc-,bound-consisternyd. We de-
noteby DC(A) adistributedconsisteng algorithmthatcom-
putesby exchangingvalueeliminationsthe samdabelsfor P

1Sometechnicaldetailsfrom AAS areomitted.

2Exceptfor constraintsaboutwhich A; knows thata successor
enforcegshem(asin ABT).

SExceptionsappearfor the first proposalmadeby A; after no-
goodsof certaintypesarediscardeqseeAAS).



1:cost O: propagate(0):a={0..2}

2:cost 1: propagate(0):b={0..2}

3:cost 2: propagate(0):a={0,1}

4:cost 3: propagate(0):b={0,1}

5:cost 4: ok:a={1}|0:0]00 b={0}|0:0]

6:cost 5: nogood{a={1}|0:0]0 b={0}|0:0[}
7:cost 6: ok:a={0}|0:1|0 b={1}|0:1]
8:cost 7: nogood{a={0}|0:1|0 b={1}|0:1[}
9:cost 8: nogood{}

-

<+—— Time

a) synchronous

1:cost 0: propagate(0):a={0..2}:cnt=0

2:cost 0: ok:a={1}|0:0]0 b={0}|0:0|
3:cost 1: propagate(0):b={0..2}:cnt=0

4:cost 1: nogood{a={1}|0:0]0 b={0}|0:0[}
5:cost 2: propagate(0):a={0,1}:cnt=1
6:cost 2: ok:a={0}|0:1|0 b={1}|0:1|
7:cost 3: propagate(0):b={0,1}:cnt=1
8:cost 3: nogood{a={0}|0:1|0 b={1}|0:1]}
9:cost 4: nogoud{)b

<—— Time

) asynchronous

Figure2: Compaativetracesfor distributedconsistencynaintenance
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Figure3: a,b) Syntironismvs. asyn&ironismin consistency
maintenanceeenat A*; c) A simpleproblemwhee running
search andconsistencynaintenanceasyndironouslyhelps.

than.A for C(P). If suchlabelswerecomputedor P, we say
that P become®DC consistent.Genericinstance®f DC(A)

aredenotedy DC. Typically with DC, themaximumnumber
of generatednessages a?vd andthe maximumnumberof

sequentiamessagess vd (v:numberof variables d:domain
size,a:numberof agents).

Eachagenthasits own perceptiorof thedistributedsearch.
In this perceptionthe searchspacesssociatedo arcsof the
searchtreearedefinedby proposaldrom its predecessorsn
Figurel is shavn a simultaneousiew of threeagents.Only
A! knowsthefourth proposabf A°. A2 hasnotyetreceied
the third proposalof A! consistentwith the third proposal
of A%, However, A% knows that proposalof A!. Sinceit
hasnotrecevedarythingvalid from 42, A% assumethat 42
agreeswith A'. In practiceit mayhapperthatanagentsees
only partly thevalid proposalof anotheragent. The depthin
distributedsearchreesis referredto aslevel. Historieshelp
agentdo eventuallygetcoherentiiews atthe sameevel.

3 Multiply AsynchronousSearch (MAS)

In this paper instantiationasynchronisnitype a) is under
stoodasin AAS. Consisteng asynchronisnitype b) is ob-
tainedusingDC algorithms.

Asynchronousconsistencymaintenance Letusconsidela
problemwith variablesz;, i € [0..k]. We assumehatfor this
problemAAS instantiatest eachnodeall thesevariables.V;
denoteghe aggreatewith thevalid assignmentatlevel ; as
known by A*. In AAS V,, mustbeincludedin V;_;. Fig-
ure3 schematizetheway in whichthesizeof thelabelof z
evolveswheninstantiationsareinterleaved with DC. In Fig-
ure 3ainstantiationsand DC alternatesequentially[Tel, 99]
(protocolwe referto as synchronousviDC) while in Fig-
ure 3b they are performedasynchronously The white box
numberedy & standdor thelabelfor zo obtainedatlevel &
of thesearch.Thedarkgrayboxesrepresenthe valueselim-
inatedby the valid assignmenbf z, in an aggr@ate. The

light gray boxesrepresenthe othervaluesof z, eliminated
by DC. In Figure 3a, the consisteng computatiorat level &
is startedonly aftera new instantiationis proposedy agent
AF=1_ Moreover, the instantiationof agent4* canbe done
only aftertheendof consisteng computatioratlevel k.

In a distributed setting, for making a proposal(assign-
ment) thereis noneedto waitin anodeuntil all theconsisten-
ciesin the previouslevels on the samebranchcorverge. We
shaw thatequivalentlabelscanbe computedasynchronously
In fact,at a givenlevel valueeliminationresultsfrom oneof
thefollowing processesnstantiation DC at this level, or in-
heritancefrom DCsat previouslevelsalongthesamebranch.
We proposeto run all theseprocessesoncurrently(thelight
grayboxesin Figure3b canoverlap).

Let usnow illustratethe behaior of asynchronisnof type
¢, concerningmaintainingconsistencies,isinga simple ex-
amplewith two agentdhandlingasingleconstraineach.The
constraintsnvolvethesamevariablesa andb, andareshavn
in Figure3c. Checledpositionsin constraintablesstandfor
feasibletuples.Figure2 compareshetracef messageass-
ing for this examplebetweersynchronousndasynchronous
variantsof maintainingdistributedconsisteng. Thebasical-
gorithm beharesas AAS exceptthat, in additionto ok and
nogood messagest alsoallows for pr opagat e messages
which inform the agentsaboutdomainreductionscomputed
by theDC processedn Figure2, propagate(k):x=sis ames-
saganformingthereceverthatthelabels hasbeencomputed
by DC at level k for the variablez. The costrefersto the
numberof sequentiamessagesequired. cnt=j tells thatthe
labelsweretaggedatsendewith thecountel. In Figure2a,a
proposakannotbe made(messag®é) beforethe corvergence
of DC which requires4 sequentiapr opagat e messages.
Still, the sameamountof searchremainsto be done. The
synchronousearchrequireseightsequentiamessageskig-
ure 2b shaws that the whole searchspacecan be exhausted
with four sequentiamessagewith asynchronisnof typec.

Asynchronousreordering By properlyusinghistorieswe
can alsoimplementasynchronisnof reorderingwith poly-
nomial spacerequirements.An order, (o, h), is givenby a
sequence of distinctagents4®..4%. All the agentsthatdo
notappeain o areconsideredo beorderedy theirnameand
follow A%. A history, h, is attachedo eachorderdecidedoy
anagent.This historyis constructedxactly asfor instantia-
tionsandthevalid orderis thenewest.All thedecisiongaken
within a certainorder are taggedwith that order Figure4
shavs how for the problemin Figure5 dynamicreordering
is achivedat eachnode. The problemhas3 variablesandis
definedby 3 agentswith one constrainteach. The heuristic



[a=(1,.3)[b={0..1} order:{Al,A3})
1:cost 0: reorder:{Aq,A3}|-1:0/0:0

2:cost 0: reorder:{A1,A3}|-1:0[0:0|

~\B:cost 0: ok:a={1..3}|0:0|0b={0,1}|0:0];order:{A}|-1:0]

(A2) 4:cost 0: ok:b={0,1}/0:0|Ja={1..3}/0:0f;order{A; }1-1:0|

‘Z{ 5:cost 1: propagate(1):c={1,2}-e{b|0:0[}:cnt=0;order:{A1}{-1:0|

6:cost 1: heuristic(0):c={1,2}-e{b|0:0[};order:{A}|-1:0|

[, | 7:cost 2: heuristic(0):a={3}-e{b|0:0[a|0:0[};order:{A; }I-1:0] [
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E Aq [(order:{Aq Ao}

l b={0}c={1} {‘
A3 A2

8:cost 2: ok:b={0}|0:0|1:0|Cc={1}|1:0[;order:{A;,Az}/-1:0/0:0]

|| 9:cost 3: heuristic(1):a={3}-e{b|0:0];c|1:0[};order:{A}|-1:0|

RO
10:cost 3:

[ 11:cost 3: reorder:{A1,Ao}|-1:0/0:1]

Sdlytio
N

(a:{S)Dc:{l,Z}I order{A;,Ag,Ag} )

A.
V é 12:cost 4: ok:a={3}|0:0/1:0|0c={1,2}|1:0[;order:{A;,Az}-1:0/0:1|

Solution

Figure4: A simplerun of consistencyvith asyn@ironousreordering addl i nk messgesare redundanfor this heuristic.
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Figure5: A problemwith 3 agents.

in this exampleconsistof choosinghe next agentastheone
with the leastnumberof allowed tuples(leastvolumg. To
allow anagentA* to computethe volumesof its successors,
heuri sti c messageareused. They aresentto A* by all
agentshat prove value eliminationsfor levelslower thanor
equalto & + 1. Thereorderingdecisionsarecommunicated
toagentsd’, j > k. In Figure4 theovalsrepresentlecisions
taken by an agent. We assumethat beforethe shown trace,
someagentasdecidedheor der : {A;}| - 1: 0| establish-
ing theidentity of A° asA4;. AgentA; decidegheshavnin-
stantiatiorandorderandinformsappropriatelyits successors
by sendingr eor der andok messagesUponreceiptof an
ok messagdrom A;, A; sendsa propagatenessageo A
with areduceddlomainfor ¢. OnceA, recevesthisreduction,
the domainof a becomeg{3}. This informationis reported
to A; by message$ and7 andallows A; to reconsideithe
order Thereorderingdecisionsentby agent4; via message
2 is discardedht A3 whenthedecisionin messagd0 arrives
with a newer history.

4 The MAS protocol

We assumeéhata messageloesnot necessarilyneedto head
directly to its targetagent.Its contentcantravel indirectly to
thetargetvia severalagentsHowever, we requirethe content
to arrive atdestinatiorin finite time. Partsof the contentof a
messagenaybecomenvalid dueto newer availableinforma-
tion. Therecever candiscardthe invalid incominginforma-
tion, or canreuseinvalid nogoodswith alternatie semantics
(e.g. asredundantonstraints).However, whenthe channel
(intermediaryagentsholdsinformationthatit knowsinvalid,
it is allowedto discardthatinformation.

4.1 Maintaining ConsistencyAsynchronously

The ok, nogood andaddl i nk messagesreasin AAS.
In addition,the agentamay exchangeinformationaboutno-
goodsinferredby DCs. Thisis doneusingpr opagat e mes-
sages.

Definition 5 A consistencynogoodfor a level k anda vari-
able z hasthe form V—(z€l¥) or Vo-(zes\ik). Vis
an aggregate and may containfor z an assignmentz,s,h),
I¥Cs. Anyassignmenin V musthavebeenproposedy pre-
decessmof A*. [} isalabel, Ik #£0.

The pr opagat e messagesake as parameters list of
consisteng nogoodsthereference: of alevel andacounter
of the pr opagat e messagesentby the sender They are
sentto all interestechgents4?, i>k. Thenogoodsaremeant
to allow theagents4? to computeDC consistentabelsonthe
problemobtainedby integratingthe mostrecentproposalof
the agentsA’, j<k. A; may receve valid consisteng no-
goodsof level k with thevariablesvars, varsnotin vars(4;).
A; mustsendaddl i nk message® all agentsd*’, k' <k not
yetlinkedto A; for all vars. In orderto achiese consistencies
asynchronouslybesideghe structureof AAS, implementa-
tionscanmaintainatary agentA¥, for ary level k, k<u:

e Theaggreate,V;}, of the nevestvalid assignmentpro-
posedoy agentsd?, j<k, for eachinterestingvariable.

e Foreachvariabler, zevars(;), for eachagentd?, t>k,
the last consisteng nogoodsentby A; for IeveI]k, de-
noteden’; (i, §), if valid. It hastheform V};, — (zes ).

enk (i,1) is recomputedy inference(e.g. usinglocal consis-

T

teng/ techniquesjor eachvariablez for the problemP; (k).

Letenk (i, ) be U5V, )= (zeni5 st ).

P;(k) := CSP(A4;) U (Ugenk(i,.)) UNV(VE) U CLL

CL: istheCL of A¥ if k=u andanemptysetof constraints
otherwise. cnk(i,4) is storedand sentto other agentsby
pr opagat e messagesf ary constraintof CSP(A;) was
usedfor its logicalinferencefrom P;(k) andits labelshrinks.

We now prove the correctnesscompletenesand termi-
nationpropertiesof MAS, , . . We only useDC tech-
niquesthatterminate.Techniquedo achiere sucha behaior
are outsidethe scopeof this paper (see[ZhangandMack-
worth,91; BaudotandDeville, 97]).

Lemmal MAS 4 - iscorrect,completeterminates.

Proof summary. Completeness:All the nogoodsaregen-
eratedby logical inferencefrom existing constraints.There-
fore, if asolutionexists,no emptynogoodcanbegenerated.

No infinite loop: By quiescenc®f a groupof agentswe
meanthat none of themwill receve or generateary valid



nogoods,new valid assignmentsor addlink messagesWe
provebyinductiononincreasing theproperty: In finitetime
t either a solutionor failure is detectedor all the agents
Al 0<j<i reath quiescencen a statewhee they are not
refuseda proposalsatisfyingCSP@? )UNV;(view(A7)).

Let this be true for the agentsA’, j<i. A! recevesthe
lastvalid ok messageattime ti. 3ti, t{ >t suchthatafter
ti, view(A?) andall V;*, k<i of ary agentA4,, areno longer
modified.CL}, k<i cannobeinvalidatedaftert . SinceDCs
were assumedo terminate they terminateafter eachmodi-
ficationof a CL}. Sincethe numberof suchmodifications
aftert! is bounded afterafinite time no consisteng nogood
is receivedary longerby A* for levels k<i. Only onevalid
explicit nogoodcanberecevedfor a proposakincethe pro-
posalis immediatelychangedon suchan event. Similarly,
thereis afinite numberof valid nogoodghatcanbereceved
by At for ary of its proposalsnadeafterti (andaftert?).

If oneof theproposalss notrefuseddy incomingnogoods,
andsincethe numberof suchnogoodss finite, theinduction
stepis correct. If all proposalghat A¢ can make aftert? are
refusedor if it cannotfind any proposal,A®* hasto sendac-
cordingto rulesinheritedfrom AAS a valid explicit nogood
- N tosomebodylf N isempty failureis detectec@ndthein-
ductionstepis proved. Otherwise- N is sentto apredecessor
Al j<i. Fromhere,asprovedfor AAS, it resultsthateither
emptynogoodis detectedpr A will receive anew proposal.
This contradictsheassumptiorthatthelastok messagavas
recevedby A attime i andtheinductionstepis proved.

The propertycanbe attributedto an empty setof agents
andit is thereforeprovedby inductionfor all agents.

Correctness:All valid proposalsaresentto all interested
agentsandstoredthere. At quiescencall the agentsknow
the valid interestingassignmentsf all predecessordf qui-
escencas reachedvithout detectingan emptynogood,then
all theagentsagreewith theirpredecesso@ndtheirintersec-
tion is nonemptyandcorrectasprovedfor AAS. o

If the agentsusing MAS 4 4 1 ) maintainall the valid
consisteng nogoodsthat they have receved, then DCs in
MAS 4 4+ + -y corverge and computea local consistent
global problem at eachlevel. If not all the valid consis-
teng/ nogoodghatthey have recevedarestored but someof
themarediscardedfterinferringthecorrespondingn® (i, i),
somevalid boundsor valueeliminationscanbe lost whena
enk (i, i) is invalidated. Differentlabelsarethenobtainedin
differentagentdor thesamevariable. Thesedifferencehave
asresultthatthe DC atthegivenlevel of MAS(, ; ; _ycan
stopbeforethe globalproblemis DC consistenatthatlevel.

Among the consisteng nogoodsthat an agentcomputes
itself from its constraintsenk (i, i), let it storeonly the last
valid onefor eachvariable. Let A; alsostoreonly the last
valid consisteng nogood,cnk (i, j), sentto it for eachvari-
ablexeCSPW;) ateachlevel k from ary agentA4;. Then:

Proposition1 DC(A) labelscomputedat quiescencat any
level with the help of pr opagat e messgesare equivalent
to A labelswhencomputedn a centializedmannerona pro-
cessorThisis truewheneerall theagentsrevealconsistency
nogoodsfor all minimallabels,l%, which they cancompute

Proof. In eachsentpr opagat e messagethe consisteng
nogoodfor eachvariableis the sameasthe one maintained
by thesenderAny assignmeninvalid in oneagentwill even-
tually becomeinvalid for any agent. Therefore,ary such
nogoodis discardedat ary agent,iff it is also discardedat
its sender The labelsknown at differentagentspeingcom-
putedfrom the samenogoodsarethereforeidenticalandthe
distributed consisteng will not stopat ary level beforethe
globalproblemis local consistentn eachagent. o

Proposition2 The minimum space an agent needswith
MAS 4 4+ 4+, for insuring maintenanceof the highestde-

gree of consistencyachievable with DC is O(a?v(v + d)).
With boundconsistencytherequiredspaceis O((av)?).

Proof. Thespaceaequiredfor storingall valid assignmentis
O(dav) for valuesandO(av) for histories(storedseparately).
The agentsneedto maintainat mosta levels, eachof them
dealingwith v variables for eachof themhaving at mosta
lastconsisteng nogoods.Eachconsisteng nogoodrefersat
mostv assignmentis premiseandstoresat mostd valuesin
label. The stackof labelsrequiresthereforeO(a?v(v + d)).
Thespaceequiredby CL andby thealgorithmfor solvingthe
local problemdependsn the correspondindechnique(e.g.
chronologicabacktrackingequiresO(v)). CL alsorefersat
mostv assignmentm its premise. o

4.2 Reordering AgentsAsynchronously

Forallowing asynchronouseorderingeachmessageeceves
asadditionalparameteanorder New optionalmessageare:

e heuri sti c messagefr heuristicdependendata.
e r eor der messageannouncinganew order,(o, h).

Theheuri sti c messageareintendedto offer datafor
reorderingdecisions.The parameterslependon the usedre-
orderingheuristic. Theheuri sti c messagesanbe sent
by any agentandhaveto besentto theagentsk*, k>—1. R*
is thereorderingeaderof thelevel k£, namelythe onedecid-
ing which agentwill have the positionk + 1. Theset{R*}
may or may notbeincludedin {A*}. Theagents{ R*} need
notbedistinct. Theidentity of R* maybemodifiedby R*~ 1.
heuri sti c messagemayonly be sentby anagentto R*
in aboundedime afterhaving receivedanok from A7, j<k
orapr opagat e messagef level k", k"' <k+1.

If r eor der messageareusedtheagentsarerequiredto
storeall the valid assignment@roposedby their predeces-
sors,for all thevariablesthey areinterestedn. A r eor der
messages sentby R to all the agentsthat are definedby
its parameteto have thepriority k41, ..., n andto theagents
RJ,j>k. Any r eor der messagés sentwithin a bounded
time afteraheuri sti ¢ messagés receved. The prefix of
k+1 agentof anorderdecidedby R* mustbe the samewith
the onein the newestorderreceved by R*. R* appendgo
historiesof ordershebuilts apair|k : I| wherel is acounterof
theordersit proposesAssignmentassociateevith anorder,
0,, olderthanthenewestrecevvedone,o,,, andbuilt by possi-
bly reordered agentsor their successorsareinvalidated.The
first possiblyreorderedagentis A¥*+!, wherek is the lowest
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Figure 6: AsyntironousmaintainingconsistenciesResults
averagedover 500 problemsper point.

level whosereorderingleader R*, hasaddeda pair |k : |
makinga differencebetweerthe historiesof o, ando,,.

addl i nk messageareno longersentonly to predeces-
sors,but to successoraswell. Whentheheuristicin example
of Figure4 isused,addl i nk messageareredundant.

To use dynamic asynchronousreordering, besidesthe
structureof MAS, , . _, eachagentneeddo storeanor-
der Thisis the nawestorderit hasreceved. The structures
that have to be maintainedoy R*, aswell asthe contentof
theheuri sti ¢ messagedependonthereorderingheuris-
tic. In our example(Figure5), we considerthe casewhere
agentsannounceall the interestedreorderingleadersof all
the labelsthey send. In Figure 4, the reorderingleaderof
level k, R* correspondso theagentd®. R~! correspondso
theagentA4,. Thevolumeof A; is estimatedisthe productof
thesizeof domaingor all variablesn vars(4;). R* maintains
for all variablesandfor thelevelsk, k<i+1 similarstructures
to thoseof MAS(, , ) atagentA for vars(4}) andlev-
elst, t<u. The spacecomplity remainsthe sameaswith
MAS (4 4+, )

Proposition3 MASis correct,completeandterminates.

Proof summary. Completenessandcorrectnessareproved
usingthe samereasoningasfor lemmal. No infinite loop:
We prove by inductionon increasing the samepropertyas
in the proof of lemmal wherequiescencaow also refers
tor eor der messageandto ary pr opagat e messag®f
level k<i+1. Letall agents4?, j<i reachquiescencéefore
time ¢*~'. Reasoningas for lemmal, 3t} after which no
propagatef level k, k<i andthereforeno heuristicmessage
towardary R*, u<i is exchangedThen,R* becomesixed,
recevves no messageand announcesdts last order beforea
timet. After 2 theidentity of A* k<i is fixed. A’ receves
thelastnew assignmenor orderattime ;. Reasoningsin
lemmal for A and R?, it follows thataftert?, within finite
time, the agentA? eitherfinds a solutionand quiescencer
exhaustsits possibilitiesand sendsa valid explicit nogood
to somebody From here,the inductionstepis provenasin
lemmal. R~! is alwaysfixedandthe propertyis truefor the
emptyset. Theterminationresultsby inductionons. o

We seein Figure4 thatthe solutiondetectionmethodpro-
posedor AAS candetectsolutionsbeforequiescencetHow-
ever, if all the solutionsarerequired,that solutiondetection
algorithmmaydetectseveraltimesthesamesolutions.A qui-
escenceletectionalgorithmcanavoid this incorvenient.

5 Experiments

We haveimplementedhetechniquesaindheuristicpresented
hereandwe have runexperimentcomparingour versionof
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Figure7: Syndronousvs. Asyntironous. Resultsaveraged
over 500 problemsper point.

MAS. TheDC we usedmaintainsbound-consistencIn each
agentcomputatioratlowerlevelsis givenpriority overcom-
putationsat higherlevels. We generatedandomlyproblems
with 15variablesof 8 valuesandgraphdensityof 20%. Their
constraintsvererandomlydistributedin 20 subproblemgor
20 agents.Figure 6 shows their behaior for variabletight-
ness(percentagef feasibletuplesin constraints) averaged
over 500 problemsper point. We have testedtwo versions
of MAS, A1 andA2. Al asynchronouslynaintainsbound
consisteng at all levels. A2 is a relaxationwhere agents
only computeconsisteng at levels wherethey receve new
labelsor assignmentsjotafterreductioninheritancebetween
levels. The versionsof MAS maintainingsomeconsisteng
provedto be morethan10 timesbetterin average,even for
theeasypointswhereAAS requiredessthan2000sequential
messagesA2 wasslightly betterthanAl in average(except-
ing at tightnessl5%). In theseexperimentswe have stored
only the minimal numberof nogoods. The nogoodsare the
maingain of parallelismin asynchronouslistributedsearch.
Storing additionalnogoodswas shavn for AAS to strongly
improve performancef asynchronousearch.As future re-
searchtopic, we foreseethe studyof new reorderingandno-
goodstoringheuristics. Testsshow thatthereorderingheuris-
tic we usedis in averagethreetimesbetterthanits reverseon
this type of problemsat tightness32%.

Since DCs terminatein finite time, synchronousMDC
is an instantiationof MAS, more exactly MAS_ | _ ).
However, the asynchronismin MAS_  _ _ is limited to
small slices sincethe searchitself is actually synchronous
and ary new decisionhasto be synchronizedamongall
agents. MAS_ , _ 1) doesnot exist since the notion of
asynchronouseorderingmakes no sensewith synchronous
search. We have designeda versionof MAS_  _ _ that
is basedn aggreationssimilarly to AAS. Ourversionis de-
notedS1lin Figure7. In S1,terminationof DCsis detectedis-
ing atechniqueaequiringl additionalsequentiaimessageer
searclnode.EachagentA; thatis beinginstantiatedaunches
DC onknown(A4;) aftereachinstantiationyespectiely onits
currentlyallowed domainsbeforechangingits instantiation.
A; startsanew DC by sendingthe currentlabelsfor all vari-
ablesto all uninstantiatecgents All the modifiedlabelsare
sentby theagentsunningDC to 4;. After DC endswithout
domainwipe-out,A; choosesheagentwith thenext position
in the searchto be anagentwith the smallestvolumeamong
all thosethatarenotinstantiated All the labelsarethensent
to the next agent. The first DC is startedby the agent Aq



which thenchooseghe agentwith thefirst position. S1was
in averageslightly worsethanasynchronousersionsexcept-
ing very over-constrainegbroblems.

6 Conclusions

We have presentedAS, a new distributed searchprotocol,
which allows for maintainingdistributed consisteng with a
high degreeof parallelismandallows for asynchronously-

namicagentreordering.MAS coverstwo frustratingholesin

theliterature.lt allows for thefirst really asynchronoualgo-
rithm with polynomialspacecompleity thatmaintainscon-
sisteng. It alsoallows for the first asynchronouslgorithm
thatis completeandenablesagentgo concurentlyandasyn-
chronouslyproposeagentreorderingwith polynomialspace
complity. MAS is basedon AAS. It is a generalizatiorof

the best-knevn distributed completesearchalgorithmswith

polynomial memory requirements. The experimentshave

shavn that the overall performanceof MAS is significantly
improved comparedo thatof AAS. MAS hasmuch poten-
tial in practice,it accommodatea highernumberof agents
andlargerproblemghanAAS andfully exploitstheaggrea-
tion capabilityof AAS. It haspolynomial spacecompleity

requirementgor alarge classof reorderingheuristics.
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7 Annexes

7.1 Termination detection

In synchronousviDC we needto detectthe quiescencef
theagentsin previouswork, distributedCSPalgorithmshave
detectedjuiescencesingthetechniquesor distributedsnap-
shotpresentedn [ChandyandLamport,85]. Thisalgorithms
have the characteristidhat terminationtestsneedto be ini-
tialized by agentssuspectingjuiescencelf theinterestis to
detectquiescences quickly as possible,other methodsare
moreappropriate.

We presenhereaterminationdetectiormethodwhichonly
requestone sequentiamessageafter the quiescencef the
monitoredprotocol. Thistechniqueas well adaptedo consis-
tengy maintenanc@roceduredor distributed CSPs.Related
terminationdetectionprotocolsarealreadyknown to thedis-
tributedsystemsommunity[Kumar 1985;Mattern,87] and
their proof alsoapplieshere.

EachagentA; maintainsa counterc; ; for outgoingmes-
sagedowardseachotheragentA; anda counterc?¢ for in-
coming messagefrom eachagent4;. When A4; becomes
idle, this countersare sentat ary modificationto the agent
T checkingthe termination.WhenT detectghatc; ; = ¢
for all ¢ andj, thenT canannouncdermination. Sincethe
counterganonly increasethereis no needof time stampsor
FIFO channelssincethe highestcountervalueis alwaysthe
newest.Severalterminatiordetectiorstageansucceedyn-
chronouslyoneafteranotherashappenswith the successie
consisteng roundsin synchronousviDC. We may wantto
distinguishthem. A simpleflag with two valuesthatswitches
at the startof a new round hasto be attachedo eachmes-
sage.If eachagentrecevesa messagén eachround,thisis
sufficientto announcehe agentshata new stagebeginsand
thatthelocal countersmustberesetto 0 (1 for theincoming
link announcinghe new round). Otherwisethe flag hasto
be replacedby an increasingcounterof the stages.In both
casesthe currentvalue of the flag (counter)is attachedto
the messagesequestingbacktrackingn orderto updatethe
knowledgeof agentswith lower positions.

The messagegeednot be sentdirectly to 7. Eachagent
keepsa list Le of countersthatit hasreceved. Lc contains
only the last receved pair of vectorsof countersfor each
agent. If A; hasto senda messageso a setof agentsA,
it choosesan agent4; in A. A; attachedo the message
sentto A; the modifiedcountersin Le, receved from other
agents,aswell asandits own modified counters. Then A4;
clearsLe. If A wasemptyafter A; hasreceved somemes-
sagesjt sendsits countersandits Lc¢ to T andalsoclears
Le. WhenLc is largeenoughto fill thepayloadof amessage,
the network chageis reducedf anagentcansentthe mod-
ified countergo T ratherthansendingthemfurtherto other
agents. The size of L¢ whenthe behaiour hasto change
is a function of the size |m| of the messagesentto agents
in A andalsodependn the maximumunfragmentegay-
load (MTU) thatcanbe sentto T'. Thethresholdshouldbe
|Le| < (MTU — |m|imod MTU)mod MTU.



