
Relations
A (binary) relation from X to Y is a subset of the Cartesian

product

X×Y = {(x, y) : x ∈ X, y ∈ Y}
Let x ∈ X and y ∈ Y. Let ∼ denote an arbitrary relation.

Write x ∼ y to express “x is related to y.”
Write x 6∼ y to express “x is not related to y.”

Example Relations
The following are relations.

• Equality, a = b, on the set R of real numbers.

• Less than or equal, a ≤ b, on the set R of real numbers.

• Congruence mod n, a ≡ b (mod n), on the set Z of integers.

(a ≡ b (mod n) means a and b have the same remainder when

divided by n)

• Divides, a | b, on the set N of natural numbers. (a | b when there

is a natural number c such that ac = b)

• Implication, p→ q, on a set of Boolean variables (propositions).

Example Relations
On the set Z8 = {0, 1, 2, 3, 4, 5, 6, 7} of integers mod 8 (the octal

numerals), the equality relation is

{(0, 0), (1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (6, 6), (7, 7)}
On the set B = {0, 1} of bits, the less than or equal relation is

{(0, 0), (0, 1), (1, 1)}
On the set Z5 = {0, 1, 2, 3, 4}, the congruence mod 3 relation is

{(0, 0), (0, 3), (3, 0), (1, 1), (1, 4), (4, 1), (2, 2)}
On the set Z4 = {0, 1, 2, 3}, the divides relation is

{(0, 0), (1, 0), (1, 1), (1, 2), (1, 3), (2, 0), (2, 2), (3, 0), (3, 3)}

Example Relations
On the set B3 = {p0 = 0, p1 = 1, p2 = 1} of 3 Boolean values, the

implication relation is

{(p0, p0), (p0, p1), (p0, p2), (p1, p1), (p1, p2), (p2, p1), (p2, p2)}
On the set 2B = {∅, {0} , {1} , {0, 1}} the subset relation is

{(∅, ∅), (∅, {0}), (∅, {1}), (∅, {0, 1}), ({0} , {0, 1}),
({1} , {0, 1}), ({0, 1} , {0, 1})}
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