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1. (15 pts) Boolean algebra studies operations on True and False.Score

(a) How many truth assignments are there on n Boolean variables?
Answer: There are 2n truth assignments on n Boolean variables.

(b) How many bit strings of length n are there?
Answer: There are 2n bit strings of length n.

(c) How many Boolean functions (Bn 7→ B) can be defined on n Boolean variables?
Answer: There are 22

n

Boolean functions.

2. (15 pts) Set theory preserves the algebraic structure of Boolean algebra. You could say set theoryScore
provides a visualization of Boolean algebra.

(a) Here are three Boolean operations: ∨, ∧, and ¬. What are the corresponding set theoretic
operations? (Write the symbol, name it, and explain it)
Answer: The analogies are round, not pointy: ∪ union, ∩ intersect, and ¬, set complement. I
will accept clear alternative names for set complement: not , negative, . . . .
x ∈ X ∪ Y means x is in X or x is in Y. x ∈ X ∩ Y means x is in X and x is in Y. x ∈ ¬X
means x is not in X.

(b) How many regions are there in a diagram (universe, rectangle) with n fully intersecting sets?
Answer: There are 2n regions. These get increasingly difficult to draw, just like 2 to 3 to 4 and
higher dimensional graphs, but the underlying idea is generally comprehensible. In class you saw
what happens with no sets, 1 set, 2 sets, and 3 sets.

(c) How many shadings are there in diagram with n fully intersecting sets?
Answer: The answer is 22

n

. You don’t need to write this on this quiz, but you should eventually
make it something you own. Here’s the reasoning: From your answer to the previous problem,
there are 2n regions in the diagram. Let’s call that m = 2n. Let

(
m
k

)
denote the number of ways

to shade k of m regions. The sum(
m

0

)
+

(
m

1

)
+

(
m

2

)
+ · · ·+

(
m

m− 1

)
+

(
m

m

)
represents the number of ways to choose no, 1, 2, . . . , (m − 1) and m of the regions to shade.
Later, we will show this sum equals 2m = 22

n

.

3. (15 pts) Counting can be generalized from bits to other alphabets.Score

(a) In how many ways can values from H be assigned to n variables?
Answer: There are 16n hexadecimal values to n variables.

(b) How many hexadecimal strings of length n are there?
Answer: There are 16n hexadecimal strings of length n.

(c) How many functions (Hn 7→ H) can be defined on n hexadecimal variables?
Answer: There are 1616

n

Boolean functions.
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4. (10 pts) The ability to compute quotients and remainders is important.Score

(a) I was given 237 widgets and told to put them equally into 13 boxes and count the number left
over. (To put equally means put the same number in each box)
How many widgets did I put in each box and how many were left over?
Answer: 237 divided by 13 yields a quotient q = 18. So I put 18 widgets in each of 13 boxes.
Note that 13 · 18 = 234. The remainder when 237 is divided by 13 is r = 3. There were 3 widgets
left over.

237 = 13 · 18 + 3

.

(b) I was then told to take widgets equally from 13 boxes until 237 were taken away (−237). To keep
the number taken from boxes equal, I had to take a few more.
How many widgets did I take from each box and how many extras did I have to take?
Answer: −237 divided by 13 yields a quotient q = −19. So I took 19 widgets from each box. Note
that 13 · (−19) = −247. The remainder when −237 is divided by 13 is r = 10. I had to take an
extra 10 widgets to keep the number from each box even.

−237 = 13 · (−19) + 10 = −247 + 10

.

5. (15 pts) Sheldon rushed in to claim the discovery a new tautology. He wrote on the board:Score

(p ∨ q)⇒ (p ∧ q)

Leonard quickly constructed a truth table.

(a) Mimic what Leonard did: Construct a truth table for Sheldon’s claim. (Fill in, at least, the input
combinations and the three indicated columns)
Answer:

column 1 column 2 column 3
p q (p ∨ q) ⇒ (p ∧ q)

0 0 0 1 0
0 1 1 0 0
1 0 1 0 0
1 1 1 1 1

(b) Which column is the output column?
Answer: Column 2 is the output. Columns 1 and 3 are just scratch space.

(c) Did Leonard agree with Sheldon?
Answer: Well, no, Sheldon found an alternate way to write equivalent (≡, equivalence), but he
did not discover a tautology.

6. (10 pts) My third grade teacher, Mrs. Bevis, tried to convince us that we would never need to moreScore
than 5 digits for arithmetic: 00000 to 99999. So she taught us 10’s complement arithmetic. To speak
with normal people she taught us how to say 10’s complement numbers in normal speak.

(a) What is the normal value of (31415)10c?
Answer: (31415)10c = 31415.

(b) Write −31415 in 10’s complement notation?
Answer: (68585)10c = −31415.

2



7. (10 pts) Write the digits D = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9} in binary notation.Score

Answer: Here’s my answer, but you don’t need to have used syntactic sugar or 4 bits for each binary
number.

0 = (0000)2 1 = (0001)2 2 = (0010)2 3 = (0011)2 4 = (0100)2
5 = (0101)2 6 = (0110)2 7 = (0111)2 8 = (1000)2 9 = (1001)2

8. (10 pts) Nothing is important. Everything is important. The symbol ∅ denotes the set with nothingScore
in it. For this question, let N be the universal set, the set containing every important thing.

Let X be a subset of N. Which of the following are True and which are False. Explain your answers.

(a) ∅ ∈ {∅}
Answer: This is True. The empty set ∅ is contained in the set that contains the empty set.

(b) ∅ ⊆ X
Answer: This is True. The empty set is a subset of every set. The implies ’If a ∈ ∅, then a ∈ X
is (logically) True. That’s because the proposition a ∈ ∅ is False. Therefore, it does not matter
what the conclusion is: The implication is True.

(c) ∅ ∈ N
Answer: This is False. The empty set is a set. It is not a number.

(d) X ∈ N
Answer: This is False: X is a subset of N; not an element of N. For instance, X might be the set
of digits D = {0, 1, 2, . . . , 9}. There is no ‘element’ like that in N = {0, 1, 2, 3, . . .}.

(e) N ⊆ {N}
Answer: This is False. For instance, 1 ∈ N, but 1 6∈ {N}. Think of it this way, the set N has an
unbounded number of elements: 0, 1, 2, 3, . . .. On the other hand, {N} has only one element: N.

Total Points: 100 Wednesday, February 4, 2015
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