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Cholesky Decomposition

e Used when the matrix in question is symmetric and positive definite

Symmetric matrix: Let A be a symmetric n x n matrix. A is symmetric if

A=AT
i.e., if ajj = ajj.
Example:
1 -1 2
A=]-1 3 6
2 6 —4

Positive definite:

1. Let v be a n x 1 column vector with v; € R. A is positive definite if
v Av > 0.

2. A is positive definite <= the eigenvalues are positive.

O
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Advantages of Cholesky Decomposition

e ~2 times faster than other methods of solving linear equations
e Numerically stable without pivoting
e Also works for positive-definite Hermitian matrices:

Hermitian Matrix: Let A be a square, complex-valued matrix. A is Hermitian
if
AT=A
where the dagger () represents the complex conjugate transpose operation
e Estimated efficiency is on the order of O(n%) [1, 2]
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Cholesky Decomposition Algorithm

e Cholesky decomposition takes the positive-definite and Hermitian coefficient
matrix and breaks it into two matrices:

A=L-L"f

where L is a lower triangular matrix and L' is an upper triangular matrix:

A=L-L}
bo o 0\ (- &
Io =+ nn 0 lgn

e L and LT are then found by a recursive expression
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holesky Decomposition Algorithm

e Diagonal elements are found by [1]:

j m—

i = arZ{/j ‘</;;>T} §in

k=0

Example: The first element we find is lpg

loo = v/a00 )

e Off-diagonal elements are found by [1]:

-1/2

= aU—Ej: {/ik'(/f;)T:| <ajj—zj: {/jk'(/fk)TD I I

k=0 k=0

Fig. 1: Order of finding the matrix
e Decomposition into L and L' is recursive = SEmentliogl
the next element depends on the previous

element; we solve in a pattern shown in Fig. 1

O
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Code Example

Adapted from [2]:

//Check if matri
//and compute de
for (i = 0; i <

for ( j

O.

T 1s positive-definite
composition
n; i++) {

=i; j < n; j++) {
//Coefficient matricz previously stored in el [][]
for ( sum = el[il[j], k= i-1; k >= 0; k--){

sum -= el[i][kl*el[j][k];
}
//Compute diagonal elements
if (i == j) {
if (sum <= 0.0){
throw ("Cholesky failed");
}
el[il[il=sqrt (sum);
}
//Compute off-diagonal elements
else {
el[jl[il=sum/el[i][i];
}

//Upper triangular elements assigned to zero

for (i=0;i<n;i++) for (j=0;j<i;j++) el[jl[i]l = 0.
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Cholesky Decomposition Algorithm

e Now solve the original equation A - x = b by substituting:
L-Lt-x=b
o Define [1]
yE]LJ’-x = L-y=b
and use forward substitution to find y; i.e.,

i1
bi =331y Uy

Yi= I

from i =1 — n (recall that IL is a bottom triangular matrix)

//Forward substitution to find y_{i}
for (i=0;i<n;i++){

for (sum=b[il,j=0; j<i; j++){
sum -= el[il[jl*y[j]l;

}
y[i]l = sum/el[i][i];
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Cholesky Decomposition Algorithm

e Finally, use back substitution to solve
Lf.x=y

for x;:
n *
Yi — Zj:iJrl 7 I,'j
i

Xi =

//Back substitution to find z_{i}
for (i = n - 1; i >= 0; i--){

for (sum=x[i], k = i+1; k < n; k++){
sum -= el[k][i]*x[k];

}
x[i] = sum / el[il[il;
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holesky Decomposition Example

A-x=b
2 -1 0 X0 4
-1 2 -1 x| =12
0o -1 2 X2 6

Verifying this matrix is symmetric (and Hermitian):
A=AT=[-1 2 -1
0o -1 2
and positive-definite = solve the ev problem:
det (A — AI) =0

= M=2 M=2+V2, \3=2-V2

A1, A2, Az > 0, this matrix is positive-definite.

O
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holesky Decomposition Example

Finding the elements of L:

j
.
Ijj$aﬂ§:|:ljk‘(/ﬁ<) }
k=0
j , j . 71/2
/;j:ang{hk-(/j;) Kaf‘j |:Ijk'(/j*k) D
k=0 k=0
1
/00:\/%:\6:/10:@:—* — g

L
loo V2 P o

— hylf; -1 2
/11:\/311*(/1()/1*0): \/27(1/2): V3/2: I21:%:\/TW:* 3

. 2
o = \/ax — [holiy + h1h;] = Ne
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holesky Decomposition Example

V2 0 0
L=|-2"%2 (3/2)¥/? 0
0 —(2/3)/2 2(3-1/?)
It follows that LT is:
V2 2712 0
Li=| 0 (3/2v2 —(2/3)/2
0 0 2(371/2)

Now, solve L. - y = b using forward substitution:

V2 0 0 Yo 4
—2-1/2 (3/2)/2 0 nl=12
0 —(2/3)% 2(372)) \y2 6

4

Yo = \ﬁ

_2+2% 4\ﬁ
SN EVATE 2

@) y2:\ﬁ<6+\/gy1> 503

S. Butalla & V. Kobzarenko — “Cholesky Decomposition” — Sep. 10, 2019 11



holesky Decomposition Example

Now, solve T - x =y using back substitution:

V2 212 0 %o 4/v2
vz _opp2 | x| = | 4/3
0 (3/2)Y2 —(2/3)Y/? zx\f2

0 0 2(371/?) X 573
Xo = 6.5
X1 = 7
X0 = 5.5

Verifying this solution is correct:

2xg —x1 =11 —-7=4 = 4=4
—Xp+2x3 —xo=-55+14—-65 = 2=2
—x1+2x = —7+13 = 6=0
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