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Abstract In this paper, we use image moments to solve
the problem of estimating deformation fields given a pair
of images as input. We use a single family of polynomials
to parameterize the deformation field and to define image
moments. In this way, variations in image moments can be
represented by a set of linear equations. We solve these equations iteratively for the deformation parameters between two
shapes. Our approach improves existing moment-based registration methods in both robustness to noise and convergence rate. In addition, our method does not rely on solving
the correspondence problem. We have extensively tested our
new method on both synthetically deformed MPEG-7 shapes
and real-world biomedical images.
Keywords Image moments · Shape deformation · Shape
registration · Polynomial deformation
1 Introduction
Registration is a fundamental problem in computer vision,
having the main goal of aligning images that have undergone geometric transformations. Applications of registration
include shape retrieval, object recognition [1], and medical image analysis [2]. In this paper, we propose a novel
image-registration method based on image moments [3]
and incremental optimization. The method estimates image
deformation without the need for feature correspondence.
Our main contribution is a robust registration method that
uses image moments and fixed-point iterative optimization.
W. Liu · E. Ribeiro (B)
Computer Vision Laboratory, Department of Computer Sciences,
Florida Institute of Technology, Melbourne, FL, USA
e-mail: eribeiro@cs.fit.edu

The method is based on a novel observation: By using polynomials to model the deformation field between two images,
moments calculated on these images are related through a
system of linear equations of the deformation parameters.
We solve this linear system for the deformation parameters
using an iterative fixed-point optimization method that converges in a few steps without a costly gradient-based search,
while being more robust than other moment-based registration methods [1,4].
Our method is related to recent works by Flusser et al. [4],
and Domokos and Kato [1]. In fact, our cost function can be
seen as a special case of the “implicit moment invariants” [4].
However, we adopt a different optimization approach by iteratively solving for the deformation parameters (i.e., incremental registration), which simplifies the evaluation of the
gradient function. Our experiments show that our method is
more robust than the one by Domokos and Kato [1]. Although
image moments are used in both our work and the one in [4],
the two approaches have distinct aims. In [4], the focus is on
retaining image-invariance properties under deformations.
In contrast, ours measures incremental deformations from
moments. Also, our registration method does not need prior
information about the object’s shape. These merits are shared
with Flusser’s method [4].
This paper extends our previous work [5]. Here, we adopt
a weak-form formulation of the registration problem using
integral transforms and derive their incremental variation for
polynomial image deformation. We also design and compare two iterative solutions for our registration method: a
fixed-point iteration and a gradient-descent search. Finally,
we performed extensive experiments on a variety of synthetic
and real-world images.
The remainder of this paper is organized as follows. Section 2 reviews the related work. Section 3 introduces the
integral-transform formulation of the registration problem.
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In Sect. 4, we analyze the variation of integral transforms
under nonrigid image deformation, parameterized as a linear
combination of basis functions. Here, we also describe the
main steps of our registration algorithm. Finally, in Sect. 5,
we test our registration method on synthetic and real-world
images of shapes and gray-scale objects. We also compare
our method with a classic intensity-based approach and with
a recently proposed moment-based method [1]. The results
demonstrate the method’s robustness to both noise and occlusion as well as having a good convergence rate.

2 Related work
Image-registration methods usually differ in three main
aspects [6]: the similarity measure, the deformation model,
and the optimization process. Similarity measures quantify
the registration quality by comparing the target image with a
deformed source image. Most similarity measures are based
on feature matching or pixelwise correspondence. A good
review of similarity measures for image registration is found
in [6]. The deformation models provide compact and often
parametric representations of image deformations. Optimization processes search for optimal deformation parameters
that maximize the similarity measure.
Image similarity can also be measured indirectly in a transform domain. For example, early work by De Castro and
Morandi [7] uses the Fourier transform’s shift and rotation properties for registering images. The method was later
extended by Chen et al. [8] and also by Lehmann [9] to
also address scaling transformations. Registration methods
for nonrigid transformations such as affine [10] and polynomial deformations [5,11] have also been proposed.

Table 1 Literature summary
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Some registration methods have also used other types of
integral transforms such as texture moments [10], log-polar
transforms [12], and wavelet transforms [11,13]. Table 1 lists
some registration methods that are based on integral transforms. Note that some methods use integral transforms as
local feature descriptors. For example, Shen et al. [14] calculated image moments in the neighborhood of a voxel as
feature descriptors for nonrigid registration. These methods
rely on solving the correspondence problem and are not discussed further in this paper.
Recently, Domokos and Kato [1] proposed a momentbased registration method by solving polynomial equations
derived from shape moments. Our method is different from
theirs in many aspects. First, we extend the affine model
to a more general polynomial model. Secondly, our method
iteratively warps the source image into the target image.
Domokos and Kato’s method [1] registers two shapes with a
single step by solving a polynomial system. Despite its computational efficiency, solving a polynomial system directly is
sensitive to noise and occlusion. These complicating factors
are less of an issue to our method as shown by our experiments. Another key difference between our method and the
one in [1] is that ours is not restricted to binary images, working for both binary and gray-scale images. Finally, we define
both the deformation field and moments using the same family of basis polynomials, leading to a simplified computation procedure. Polynomials have been shown to be effective
in modeling nonrigid motion fields [18]. To the best of our
knowledge, our work is the first to study the interplay between
polynomial models and image moments.
The closest work to ours is that of Flusser et al. [4], which
matches patterns using image moments under polynomial
deformations. In contrast, we analyze the interaction between

Year

Author

Integral transform

Deformation

1987

De Castro and Morandi [7]

Fourier

Translation, rotation

1994

Chen et al. [8]

Fourier-Mellin

Translation, rotation, scaling

1995

Sato and Cipolla [10]

Texture moments

Affine

1998

Lehmann [9]

Fourier-Mellin

Translation, rotation, scaling

2002

Lucchese et al. [15]

Fourier

Affine

2002

Moigne et al. [11]

Wavelets

Polynomial

2005

Bentoutou et al. [13]

Wavelets

Affine

2005

Zokai and Wolberg [12]

Log-polar

Projective

2008

Ito et al. [16]

Wavelets

Affine

2010

Domokos and Kato [1]

Image moments

Affine

2010

Flusser et al. [4]

Image moments

Polynomial

2010

Our work [5]

Image moments

Polynomial

2011

Crespo and Aguiar [17]

Complex moments

Affine
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image moments and incremental deformations to obtain a
gradient function in an analytic form. Also, we propose a
fixed-point registration algorithm, which is shown to be more
robust to noise and achieve faster convergence than a gradient-descent method equivalent to the one in [4].
Finally, a recent work by Crespo and Aguiar [17] revisited
the complex image moments for 2-D shape representation by
extending the classic moment invariants [19]. Please refer to
[19] for a review of image moments and their applications to
shape recognition and registration.
3 An integral-transform formulation of the
image-registration problem
Our goal is to find the geometric transformation T between a
template image f and a target image f ′ , under the assumption that f ′ is a deformed version of f . Following the existing
literature [6], we represent T using a deformation field u and
write the transformed image coordinates as x′ = T(x) =
x + u(x), where x is the coordinate vector. Most imageregistration methods assume that pixel intensity remains constant after deformation [4], that is,
f (x) = f ′ (x′ ), x′ = x + u(x), x ∈ Ω,

(1)

where Ω is the image domain. The constraint in (1) is often
enforced by minimizing the squared-sum of registration residue (SSD) given by:
!
"
#2
E ssd =
f (x) − f ′ (x′ ) dx.
(2)
Ω

In this paper, we will call Eq. 1 the strong form of the similarity function, as it relies on the intensities of corresponding
pixels. This intensity-constancy assumption may be violated
because of noise and changes in illumination. To relax this
assumption, we propose a modified version of (1), by multiplying both sides of that equation by kernel (test) functions
φl , and integrating as follows:
!
!
f (x)φl (x)dx =
f ′ (x′ )φl (x′ )dx′ , l = 1, . . . , L . (3)
Ω

Ω

From (3), a new similarity measure can be written as:
E weak =
where

L
$
"
l=1

⟨ f, φl ⟩ =

!

%
&#2
⟨ f, φl ⟩ − f ′ , φl ,

f (x)φl (x)dx

Ω

4 Relating image moments and the polynomial
deformation model

(4)

4.1 Polynomial deformation model

(5)

To recover the deformation field between images, the weakform SSD in (4) can be minimized using existing numerical
schemes (e.g., gradient-descend). For efficiency, we reduce
the dimensionality of the solution space by representing the

Ω

and
!
% ′ &
f , φl =
f ′ (x′ )φl (x′ )dx′

are the integral transforms of f (x) and f ′ (x′ ), respectively,
using kernel functions φl [20]. Equation 3 conceptually similar to the implicit moment invariants was proposed by Flusser
et al. [4]. Our formulation is an alternative interpretation that
enforces image similarity for registration. More specifically,
Eq. 3 is a weaker condition than that in Eq. 1, as Eq. 3 is only
necessary but not sufficient condition for Eqs. 1. For example, consider two binary images of an% object& and a single test
function φ1 = 1. Then, ⟨ f, φ1 ⟩ and f ′ , φ1 are the areas of
the object in the template and target images, respectively. In
this example, satisfying (3) implies a pixelwise alignment
based on equal areas. However, objects of equal area are not
necessarily aligned. As a result, we will call Eq. 3 the weakform registration constraint and Eq. 4 the weak-form SSD.
The weak-form constraint becomes the strong form for
a sufficient number of test functions.1 In this paper, we formulate a solution to the image-registration problem using the
weak-form constraint using monomials φl (x, y) = x s y t with
s, t ≥ 0 as test functions. For this choice of test function, the
integral transforms in (3) correspond to image moments [3].
Robustness to noise and occlusion, and computation efficiency are key motivations in using moments (and integral transforms) for image registration. Moments have been
shown to be robust to noise when used as affine-invariant
descriptors in shape retrieval [21]. We observe similar robustness when using moments to analyze nonrigid deformations.
Efficient algorithms can be proposed for the more general
polynomial deformation models because image deformation
and image moments can be related by a system of linear
equations (Sect. 4.4). In addition, our weak-form constraint
measures image deformation in the compressed transform
domain with no reliance on pixel correspondence. By storing only the moments of target shapes, template images can
be quickly compared with many target images with potential applications to group and data-driven registration [22].
Finally, filtering capabilities of some integral transforms
(e.g., wavelets, Fourier transform) help reduce the effects
of noise and illumination variations [11].

1

(6)

In the extreme case, for each pixel (xi , yi ), one can define a test function φi (x, y) = δxi ,yi (x, y), that is, the Dirac sampling function, and
then the weak form becomes the strong form.
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deformation field u(x) as a linear combination of basis functions γi (x), with i = 1, . . . , M as follows:
$
u=
ai γi ,
(7)
i

where ai is the vector of coefficients. The matrix form of
Eq. 7 is u = AT %, where A is the coefficient matrix, that
is, A = (a1 , a2 , . . . , a M ) T , and % = (γ1 , . . . , γ M ) T is a
vector of basis functions. With this linear representation, the
solution space is reduced to a lower-dimensional parametric
space. In this paper, we investigate the use of a deformation
model in which the deformation basis functions γi are bivariate monomials (i.e., of the same type as our test functions).
This model includes the affine deformation as a special case
(i.e., % = (1, x, y) T ). Next, we formulate the variation of
integral transforms for polynomial deformations.
4.2 Incremental variations of integral transforms
We commence by describing the effect of nonrigid deformation on integral transforms, which is the common foundation for many moment-based shape analysis and registration
methods [4,1]. We will focus on the integral transform of the
target
% ′ &image as given by the right-hand side ′of Eq. 3 (i.e.,
x = T(x) into
f , φl ). By substituting
&
% the transformation
the integral transform f ′ , φl , and making the appropriate
change of variables, the effect of the transformation can be
written as [4,1]:
!
!
f ′ (x′ )φl (x′ )dx′ =
f (x) |JT | φl (T(x)) dx.
(8)
'
()
*
Ω

Ω

deformed kernel

Here, the JT = ∂T
∂x is the Jacobian of the transformation
and |JT | is its determinant. Under the change of coordinates,
the role of |JT | in (8) is to measure the infinitesimal areascaling effect of T [23]. As a result, the target image’s integral transform is equivalent to the integral transform of the
original template image f (x) with the deformed test function
|JT | φl (T(x)). Equation 8 is the common basis shared by [4]
and our work. However, Flusser et al. [4] used Eq. 8 as an
implicit form of invariants, while our focus is on analyzing
its linear approximation for iterative registration.
From Eq. 8, the scaling factor |JT | can be computed from
the variation of shape areas when transformation T is affine
and source and target shapes are not occluded. In addition, if
the kernel function φi is polynomial, then (8) can be expanded
into a polynomial system, leading to the direct approach
described in [1]. However, this approach is limited to affine
models and is unable to handle occlusions.
In our method, we approximate Eq. 8 and optimize E weak
in (4) using an iterative approach, in contrast to the direct
approach in [1]. The derivation we propose next also differs
from the “implicit moment invariants” in [4].
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4.3 Incremental approximation of moment variations
We begin by approximating the Jacobian determinant in (8)
as follows:
|JT | ≈ 1 + div(u),

(9)

where div(u) is the divergence of u given by:
div(u) =

$ ∂u ( j)
j

$$

=

∂ x ( j)

j

( j)

ai

i

∂γi
.
∂ x ( j)

(10)

The above approximation is based on the assumptions that
the magnitude of the deformation field u is small and that,
because u is represented by low-order polynomials, its derivatives ∂u
∂x are both bounded and small [23]. To avoid confusion
with indices of polynomials, we use lowercase letters and
letters with parenthetical superscripts to indicate the components of a vector. For example,
we
# may denote a 2-D vector
"
as x = (x, y) T or x = x (1) , x (2) T . As in (9), the deformed
kernel function φl (T(x)) is linearized as:
∂φl
∂x
$$

φl (x + u) = φl (x) + uT
= φl (x) +

j

( j)

ai

i

∂φl
γi .
∂ x ( j)

(11)

We can now obtain an expression for the variation of integral transforms with respect to incremental deformations. To
do this, we substitute the linearized Jacobian determinant in
(9) and the linearized deformed kernel function in (11) into
(8) and ignore higher-order terms, i.e.,:
,
! +
∂φl
′
φl (x) +
u f (x) (1 + div(u)) dx
⟨ f , φl ⟩ ≈
∂x
Ω
!
!
∂φl
u f (x)dx
≈ φl (x) f (x)dx +
∂x
Ω
Ω
()
* '
()
*
'
original moment

+

!

φl (x) f (x)div(u)dx

Ω

'

()

area variation

= ⟨ f, φl ⟩ +
+

shape variation

$$
j

$$
j

i

= ⟨ f, φl ⟩ +

( j)

ai

( j)

ai

i

!

!

*

∂φl
γi f (x)dx
∂ x ( j)

Ω

φl (x)

∂γi
f (x)dx
∂ x ( j)

Ω

$$
j

( j)

ai

i

+
,
∂γi
∂φl
× ⟨ f, ( j) γi ⟩ + ⟨ f, φl ( j) ⟩ .
∂x
∂x

(12)

Next, we further simplify Eq. 12 by using the same family of monomials to represent both the test functions φl and
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the deformation bases γi . This simplification allows us to
implement an efficient registration algorithm.
4.4 Efficient gradient computation using polynomials
The incremental variation of the integral transform w.r.t.
deformation parameters, i.e., the gradient of ⟨ f, φl ⟩, is given
by:
∂⟨ f, φl ⟩
( j)

∂ai

. . .
∂φl γi
∂γi
∂φl
= f, ( j) γi + f, φl ( j) = f, ( j) . (13)
∂x
∂x
∂x
-

If we chose kernel functions φl and polynomial basis functions γi to be monomials of the same type, φl = x p y q and
γi = x s y t (s, t ∈ Z, s, t ≥ 0 and p, q ∈ Z, p, q ≥ 0), then
the integral transforms become the classical image moments,
i.e.,:

Algorithm 1: Registration using fixed-point iteration.
Input: Template Is , target image It , deformation basis γi , and
test functions φi .
Output: Deformation parameters a.
Initialize a0 ← 0;
Initialize currently deformed template image Is0 = Is ;
Calculate image moments of the target image ⟨It , φi ⟩;
while Not converge do
Calculate
% k
& image moments of the deformed template image
Is , φi ;
Solve the linear system given by stacking Eq. 18;
Obtain current incremental deformation parameters
'a;
"
#
Update ak+1 = ak + 'a and warp Isk+1 ← Is0 x + u(ak+1 ) ;
end

M ′p,q ≈ M p,q +

N $
N
$
"
#
as,t ( p + s)Ms+ p−1,t+q
s=0 t=0

N
N $
$
"
#
bs,t (q + t)Ms+ p,t+q−1 .
+

(18)

s=0 t=0

⟨ f, φl ⟩ = ⟨ f, x p y q ⟩
!!
= M p,q =
x p y q f (x, y) dx dy,

(14)

Ω

and the components of the deformation field in (7) become:

u(x, y) =
=

N $
N
$

4.5 Image registration using the weak form

as,t x s y t and v(x, y)

s=0 t=0

N
N $
$

bs,t x s y t ,

(15)

s=0 t=0

Because monomials are closed under differentiation and mull γi
in Eq. 13 are also monomials.
tiplication, the terms ∂φ
∂ x ( j)
p
q
Substituting φl = x y and γi = x s y t into (13), we have:
∂ M p,q
∂⟨ f, φl ⟩
=
∂as,t
∂as,t
∂ x p+s y q+t
⟩ = ( p + s)M p+s−1,q+t ,
= ⟨ f,
∂x

(16)

and
∂ M p,q
∂ ⟨ f, φl ⟩
=
∂bs,t
∂as,t
.
∂ x p+s y q+t
= (q + t)M p+s,q+t−1 .
= f,
∂y

In Eq. 18, we obtained an analytic form of the incremental
changes in image moments due to polynomial image deformation. This is our main contribution in comparison with
previous works [4]. The relationship in (18) coincides with
our approximation-theory derivation in [5]. Next, we use this
analytic form to solve the registration problem.

(17)

Finally, by substituting (14), (16), and (17) into the linearized variation in Eq. 12, we show that the moments of the
deformed image can be approximated as a linear combination
of the original image moments, i.e.,:

We can now optimize the quantity E weak in (4) to obtain an
estimate of the deformation field u as follows:
u = arg min E weak = arg min
u

u

L
$
%
"
&#2
⟨ f, φl ⟩ − f ′ , φl .
l=1

(19)

A way to solve this optimization is to note that Eq. 18
defines a linear constraint for each test function and that those
can be stacked together to form an overdetermined linear
system of equations. To solve this system of equations, we
developed a fixed-point iteration algorithm (Algorithm 1).
The algorithm avoids numerical deterioration from repetitive image interpolations by obtaining a deformed template
image from the original input for each iteration, instead of
using the image from the previous iteration. Alternatively, we
can minimize E weak using gradient descent in which the gradients are given by Eq. 13. In this case, it becomes a variation
of Flusser’s method [4]. For completeness, we summarize the
process in Algorithm 2.
5 Experiments
Our experiments are divided into two main parts. We begin by
assessing the effects of the input parameters of our method.
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Algorithm 2: Registration using gradient descent.
Input: Template Is , target image It , deformation basis γi , and
kernel functions φi .
Output: Deformation parameters a.
Initialize a0 ← 0;
Initialize Is0 ← Is ;
Calculate moments of the target image ⟨It , φi ⟩;
while Not converge do
&
%
Calculate moments of the source image Isk , φi ;
&
% k
Calculate Jacobian matrix J from ⟨Is , φi ⟩ and It , φi
(Eq. 18);
Update ak by gradient descent using J . Warp
Isk+1 ← Isk (x + u(ak ))
end

We then provide a comparison between our method and two
related image-registration approaches.
We used binary images from a shape dataset as well as
gray-scale medical images. For the shape dataset, we compared our method with the classic Lucas–Kanade method [24]
and the recently proposed moment-based method by Domokos and Kato [1]. Our goal was twofold. First, we
evaluated our algorithm on the robustness, accuracy, and
computational cost. Our second goal was to show that our
iterative registration achieves increased robustness and accuracy, by comparing our method with the direct method in [1].
An implementation of Flusser’s method [4] was not available, but we believe that the gradient-descent method in
Algorithm 2 is a comparable approximation. Finally, we
applied our method on noisy medical images. Source-code
of our implementation and some of the test data are available
online.2
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and AAE as functions of L. In general, as L increased, the
convergence rate increased while AAE decreased.
Moments of different orders seem to have an uneven
effect on the registration robustness and accuracy. Specifically, when L = 7, the convergence rate decreased significantly (Fig. 1a). We believe that this happens because
the test functions for L = 7 are {1, x, y, x 2 , x y, y 2 , x 3 },
which include uneven contributions from moments of different orders. In this case, x 3 is the only third-order term
and is biased toward shape variations in the x-axis direction.
For L > 7, other moments with balancing contributions are
included. The effect of uneven contribution from moments
was also evident in the AAE of the converged cases (Fig. 1b).
For the results shown in Fig. 1, we chose L resulting in the
highest convergence rate, while producing registrations with
fairly low AAE. For the affine-deformation experiments, the
deformation basis was % = (1, x, y)T (i.e., M = 3), and
we chose L = 12. For the second-order polynomials with
#T
"
% = 1, x, y, x 2 , x y, y 2 , we performed similar experiments and chose L = 20.
5.2 Comparison with existing methods

The two input parameters are the number of basis functions
M in the deformation model (Eq. 7), and the number of test
functions L in the weak-form SSD (Eq. 4).
However, higher-order moments are numerically more
sensitive than lower-order ones as we will show later. For
a fixed L, we chose low-order test functions before selecting higher-order ones. To select L, we applied our method to
register randomly deformed MPEG-7 shapes and compared
the registration results for different values of L. Specifically,
we selected 10 shapes from MPEG-7, each of which was
deformed 20 times. Then, we added 5 percent of salt-andpepper noise to both the original and the deformed shapes.
Finally, we registered the original shapes to the deformed
shapes and obtained two measures: the likelihood of successful convergence and the average angular error (AAE) of
the converged cases. Figure 1 shows the convergence rate

We compared our method with Domokos–Kato’s method [1]
which is based on moments. The tests focused on robustness and accuracy, using the MPEG-7 shape dataset [25].
First, we deformed the images using randomly generated
T
affine transformations a = id + 'a , where id is the
identity transform, with increasing perturbation magnitude
T
∥'a ∥ = max(|'ai |, i = 1, . . . , M). Salt-and-pepper noise
was added to all images. The shapes were then registered
using both ours and Domokos–Kato’s method [1].3 Figure 2
shows the convergence rate and AAE as functions of the
T
deformation magnitude ∥'a ∥ and the percentage of image
noise.
Our method consistently outperformed Domokos and
Kato’s method. Figure 3 shows two examples for which
Domokos and Kato’s method failed while our method produced good alignment. Their method seems to be sensitive
to small amounts of occlusion when noise level is high.
We further compared our method with an intensity-based
method to demonstrate the benefits of moment-based registration. Here, we implemented the classic Lucas–Kanade
method [24] using the same polynomial deformation model
used in our method. The only difference between the two
implementations is that our method used the integral-transform constraint, while Lucas–Kanade’s used the intensitybased constraint. Figure 4 shows registration sequences
obtained using the two implementations of our method (i.e.,
fixed-point and gradient descent) and Lucas–Kanade’s. Both

2

3

5.1 Analysis of the parameters of our method

http://www.cs.fit.edu/~eribeiro/icpr2010moments/
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Source-code available from http://www.inf.u-szeged.hu/~kato/
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Fig. 1 Convergence rate (a)
and average angular error (b) for
increasing numbers of moments
L. Robustness and accuracy of
our method increases with L.
Moments of different orders
have an uneven effect

429

(a)

(b)

Fig. 3 Comparison of our method with Domokos–Kato’s. Registration
of occluded shapes. Domokos–Kato’s method was affected by occlusions, but our method could still register the shapes

Fig. 2 Comparison of our method with Domokos–Kato’s method. a
Our method (top) achieves consistently higher convergence rate than
Domokos–Kato’s method (bottom). b AAE of the final results: Our
method (bottom) outperformed Domokos–Kato’s method (top)

implementations of our method converged in less iterations.
Although each iteration of our method involves computation
of image moments, the reduction in iteration steps is a positive point for future optimization.

Fig. 4 Registration sequences. The source image (red) is iteratively
warped to the target image (blue), shown as a sequence from left to
right. Row 1: our method using fixed-point iteration. Row 2: our method
using gradient descent. Row 3: Lucas–Kanade’s method (color figure
online)

For a quantitative comparison, we calculated both the
average angular error (AAE) and the average end-point
error (AEP) of the estimated deformation field at each iteration (Fig. 5a, b, respectively). The fixed-point algorithm
(red curve) converged in less than five iterations, while
the gradient descent (pink curve) fluctuated. Even with the
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Fig. 5 Convergence plots. a
Average angular error. b
Average end-point error.
Optical-flow method converges
much slower for noisy images,
while our method is less
affected

SIViP (2014) 8:423–432

(a)

(b)

image information, achieving a similar effect to hierarchical
registration [15] as well as being less sensitive to noise (and
partial occlusion).
5.3 Elastic image deformation

Fig. 6 Our method’s number of iterations to convergence (2,000 cases)

fluctuations, our gradient-descent algorithm still converged
in less steps than Lucas–Kanade’s optical-flow method (blue
curve). Registration error was reduced at a constant rate
for the optical-flow method, while our fixed-point iteration
reduced the registration error at an exponential rate. The
fixed-point method was more robust and converged in less
steps than the gradient-descent method. Given the equivalence between this gradient-descent method and the method
by Flusser et al. [4], these results clearly indicate that our
iterative fixed-point method is an improvement over [4].
To further illustrate our method’s convergence behavior,
Fig. 6 shows the histogram of iteration numbers for 2,000 test
cases. These test cases were also used to produce the AAE
and APE plots in Fig. 2. Most tests converged within five
iterations. For the next experiments, we will report results
produced using the fixed-point method only.
A benefit of the moment-based methods is their robustness
to noise and occlusion. Figure 7 shows registration results on
occluded and noisy shapes. Here, we added salt-and-pepper
noise with occurrence probability of 0.3. Figure 7 shows convergence plots of our method compared to Lucas–Kanade’s
method. Lucas–Kanade’s converged slowly for noisy images,
while our method converged in 5 iterations with sharp error
reduction. We think the reason for this good performance is
that moment-based weak-form SSD implicitly carries global
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In this experiment, we tested our method on a set of gray-level
images undergoing elastic deformations. We synthesized
deformations of MRI brain images using randomly generated
second-order polynomials,
i.e., the# deformation basis func"
tions were % = 1, x, y, x 2 , x y, y 2 T . In addition, we added
to the images salt-and-pepper noise with probability of occurrence of 0.2. Neither Domokos and Kato [1] nor Flusser et
al. [4] provide implementations that address elastic shape
deformation, so we compared our method with the Lucas–
Kanade’s method. Figure 8 shows one sequence of registration using our method. Figure 9 shows the corresponding
AAE and AEP plots for our method and Lucas–Kanade’s
method. Under elastic deformation, the convergence time of
our method doubled to about ten iterations. However, our
method still converged exponentially and was much faster
than the one using optical-flow.
Finally, we performed a set of experiments to estimate cell
deformation. Figure 10 shows three frames from a sequence
of fluorescence microscopy images of a living cell. The figure
also shows a set of superimposed images depicting iterations
of the registration process. We used the polynomial deformation model to represent the cell motion. Since ground-truth
was not available, we show the registration quality by overlaying the source and target images. Note that, given the
global nature of our polynomial deformation model, the registration quality of our method is slightly worse than methods
based on local deformation models [2]. However, local deformation models require more computation. Our method can
be used for approximated elastic registration, such as in realtime medical image indexing [26], where the deformation
field is relatively constrained and registration accuracy is not
the main concern.
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(a)
Our method Lucas-Kanade

Fig. 7 a Registration sequence
for noisy and partially occluded
images. The source image (red)
is warped to the target image
(blue). Noise is salt-and-pepper
with occurrence probability of
0.2. b Average angular error.
c Average end-point error (color
figure online)
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6 Conclusion and future work
In this paper, we proposed an iterative method for image registration based on image moments. Our registration method
is based on the observation that, when the deformation field
between two images is modeled by polynomials, incremental
changes in moments calculated on those images are related
by linear equations of the deformation parameters. Our
method calculates the image deformation that best matches
the changes in moments of the template and target images
without relying on individual pixels’ intensities. Experiments
showed that our method is fairly robust to noise and occlusion, and it converges in a small number of steps.
Our deformation field was limited to low-order polynomials because of numeric sensitivity of higher-order polynomials. Increased numerical stability may be obtained using
orthogonal polynomials as in [4]. In addition, our method
may become trapped in local minimum (see Fig. 11 for

Fig. 8 Registration of brain MRI images under elastic deformation.
Our method aligns the images in 15 iterations

(a)

(b)
Our method
Optical flow

80
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Optical flow

9
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70

AAE

Fig. 9 Convergence of shape
registration algorithms under
elastic deformation. a Average
angular error. b Average
end-point error. Both our
method and the optical-flow
method converged slower for
the elastic deformation case than
they did for the linear
deformation case. However,
ours still converged faster than
the optical-flow method
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9.
10.
11.

12.
Fig. 10 Registration of deforming cells (best seen in color). Top Three
frames of a cell undergoing elastic deformation under a fluorescent
microscope. Bottom Inter-frame registration using our method (color
figure online)

13.
14.
15.
16.

Fig. 11 Example of our method being trapped in local minima

an example). As a future work, we plan to use other integral transforms such as wavelets and Fourier transforms and
study their interaction with local deformation models, such
as splines [27], and meshless models [2]. We also plan to
explore the application of our method in group and datadriven registration. Finally, since integral transforms are frequently used in content-adaptive compression methods [28],
content-adaptive registration is also an interesting topic for
future investigation.
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