
4. Euclid, Fibonacci, Lamé & Lucas

All the problems of the world could be settled easily, if men were only
willing to think .

Thomas Watson Sr.

Please read §31.2 Greatest Common
Divisor in the textbook (Corman
et al., 2009).
Wikipedia states one flagon is

about 1.1 liters. My exchange range
is made up for its simple arithmetic
properties.
This experiment may be more fun if

you drink the wine while performing
it!

Imagine riding a time machine back to 457 BC. Traveling around
this long-ago world you’ll need to exchange money. Perhaps you’ll
need to convert lengths, volumes, and weights from modern to ancient
units. For illustration, consider calculating the conversion factor from
liters to flagons. Pretend 9 liters is equivalent to 7 flagons, but we
don’t know this yet! We have to calculate it. The Euclidean algorithm
provides an efficient way to calculate conversion ratios. It finds a
common measure (the greatest common divisor) for liters and flagons
and uses this common unit to measure both.

9 liters = 7 flagons

1 liter = 0.7777 · · · flagons
1.285714 · · · liters = 1 flagon

View the stylized drawing below: It show a flagon full of wine on the
left and an empty liter on the right.

Full flagon Empty liter

When the wine is poured into the liter, a residue remains in the
flagon. We’d like to know what fraction of a liter is left. A flagon is one liter plus a small

residue.

http://www-03.ibm.com/ibm/history/exhibits/vintage/vintage_4506VV2024.html
https://en.wikipedia.org/wiki/Thomas_J._Watson
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Flagon-residue Full liter

So, pour the full liter into containers each holding the amount remain-
ing in the flagon. This takes three containers and leaves a smaller
residue. A liter is three flagon residues plus a

smaller residue.

Flagon-residue Flagon-residue Flagon-residue Liter-residue
A flagon residue is two liter residues
with nothing remaining.Now, we’d like to know the fraction of the flagon-residue is this liter-

residue. So, we pour the flagon-residue into a containers each equal to
the amount of the liter-residue. This takes two containers and leaves
no residue.

Empty-flagon-residue Liter-residue Liter-residue

To recapitulate, a liter residue is a common measure for liters and
flagons. A liter is 7 liter residues; A flagon is 9 liter residues;

1 flagon = 1 liter+ flagon-residue 9 = 7+ 2

1 liter = 2 flagon-residue+ liter-residue 7 = 2 · 3+ 1
1 flagon-residue = 2 liter-residue 2 = 1 · 2+ 0

Now, share the wine with your friends as you do the math. To com-
pute the ratio 9 : 7, run the above equations backwards. From the last
equation,

1 flagon-residue = 2 liter-residue.
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and

1 liter-residue = 1
2
flagon-residues

Therefore,

1 liter = 3 flagon-residue plus 1 liter-residue = 7
2
flagon-residues

and

1 flagon-residue = 2
7
liters

Finally,

1 flagon = 1 liter plus 1 flagon-residue = 9
7
liters

A theorem helps to explain the algorithm.

Theorem 4: Euclidean division

Given two integers a and m, with m 6= 0, there exist unique in-
tegers q and r such that

a = mq+ r and 0 ≤ r < |m|.

The dividend a equals the divisor m times the quotient q plus
the remainder r.

Here’s how the Euclidean algorithm computes gcd(34, 21) occurs. In example , see how the divisor m
and remainder r values shift down
and left (southwest) at each step.Example: Compute gcd(34, 21)

The last divisor, where the remainder is 0, is the greatest common
divisor. In this case, gcd(34, 21) = 1.

Definition 6: Greatest Common Divisor

The greatest common divisor of two integers a and m is the



42 cse 5211 analysis of algorithms (version 1/1)

largest integer that divides them both.

gcd(a, m) = max {k | k\a and k\m}

The Euclidean algorithm iterates the Euclidean division equation
using the recursion: Let r0 = a and r1 = m > 0, and assume m ≤ a.
Euclid’s algorithm computes

r0 = r1q1 + r2 0 ≤ r2 < r1
r1 = r2q2 + r3 0 ≤ r3 < r2
... =

...

rn−2 = rn−1qn−1 + rn 0 ≤ rn < rn−1

rn−1 = rnqn

The iteration halts when rn+1 = 0, and the last divisor (non-zero
remainder) rn is the greatest common divisor of a and m

Coding the Euclidean algorithm

The code for the Euclidean algorithm is often based on the identity in
theorem 5.

Theorem 5: Greatest Common Divisor Recurrence

Let 0 ≤ m < a. Then,

gcd(a, 0) = a

gcd(a, m) = gcd(m, a mod m), for m > 0

In C, the code might look something like this:

Listing 7: Imperative GCD algorithm

42a 〈Imperative GCD algorithm 42a〉≡
int gcd(int a, int m) {
〈GCD local state 42b〉
while (〈The divisor m is not 0 43b〉) {
〈Move m to a and a mod m to m 43a〉

}
〈Return the absolute value of a 43c〉

}

To change the values: m goes to a, and a mod m goes to m, a local
temporary value t is used.

42b 〈GCD local state 42b〉≡
int t;

http://en.wikipedia.org/wiki/C_programming_language
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43a 〈Move m to a and a mod m to m 43a〉≡
t = a;
a = m;
m = t % a;

C is not type safe. Instead of a Boolean test (m == 0) you can use
the (wrong type) integer m itself.

43b 〈The divisor m is not 0 43b〉≡
m

The greatest common divisor is a positive integer. So, just in case
the negative value was computed, change the answer to the absolute
value of a before returning it.

43c 〈Return the absolute value of a 43c〉≡
return a < 0 ? -a : a;

http://en.wikipedia.org/wiki/C_programming_language
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Function GCD algorithm
Haskell supports elegant methods
for handling errors, but here we just
raise our hands and give up.

Here’s a functional implementation written in Haskell. It is from the
standard Prelude for Haskell. It uses the idea that there is no largest
integer that divides 0: All integers divide 0. Therefore, gcd(0, 0) is
undefined and raises an error.

Listing 8: Functional GCD algorithm

44 〈Functional GCD algorithm 44〉≡
gcd :: (Integral a) => a -> a -> a
gcd 0 0 = error "Prelude.gcd: gcd 0 0 is undefined"
gcd x y = gcd’ (abs x) (abs y) where

gcd’ a 0 = a
gcd’ a m = gcd’ m (a ‘rem‘ m)

Analyzing the Euclidean algorithm

It is fitting that this early algorithm was also one of the first to have
its complexity analyzed (Shallit, 1994). The result is called Lame’s
theorem, which incorporates the Fibonacci sequence, later widely
popularized by Édouard Lucas.

The complexity of the Euclidean algorithm can be measured by
the number of quotient–remainder steps taken. Seven steps are taken
when computing gcd(34, 21), (see example ).

The time complexity of the Euclidean algorithm is reduced least
when each quotient is 1, except the last. For instance, when the great-
est common divisor is 1, the last quotient is 2, and all other quotients
are 1, terms in the Fibonacci sequence is produced. Running the Eu-
clidean algorithm equations backwards, see Fibonacci sequence: Recall, the Fibonacci sequence is

~F = 〈0, 1, 1, 2, 3, 5, 8, 13, . . .〉

and indexed from 0, that is f0 = 0.
2 = 1 · 2+ 0
3 = 2+ 1

5 = 3+ 2

8 = 5+ 3

13 = 8+ 5

...
...

Fn = Fn−1 + Fn−2 for n ≥ 3.

Here’s another Fibonacci-like example that show the worst-case time
complexity of the Euclidean algorithm. In this case, the greatest com-

http://www.haskell.org/
http://en.wikipedia.org/wiki/Gabriel_Lamé
http://en.wikipedia.org/wiki/Fibonacci
http://en.wikipedia.org/wiki/Lucas_sequence
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mon divisor is 2 and the last quotient is 5.

10 = 2 · 5+ 0
12 = 10+ 2

22 = 12+ 10

34 = 22+ 12

...
...

10Fn + 2Fn−1for n ≥ 3.

In the general case, when g is the greatest common divisor and q is
the last quotient and all other quotients are 1, the steps come from a
Fibonacci-like sequence.

gq = g · q+ 0

gq+ g = gq+ g

2gq+ g = (gq+ g) + gq

3gq+ 2g = (2gq+ g) + (gq+ g)

5gq+ 3g = (3gq+ 2g) + (2gq+ q)
...

...

gqFn + gFn−1for n ≥ 3.

The asymptotic growth of Fn is O(ϕn) where ϕ = (1 +
√
5)/2 is the

golden ratio. Therefore, when m and a are consecutive terms in a
Fibonacci-like sequence the Euclidean algorithm takes n steps where

n = O(logϕ(a))

Theorem 6: Lamé’s Theorem

Let a, m ∈ Z+ with a ≥ m > 0. Let n be the number of
quotient–remainder steps in Euclidean algorithm. Then

n ≤ 1+ 3 lgm
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Proof: Lamé’s Theorem

Let r0 = a and r1 = m. Euclid’s algorithm computes

r0 = r1q1 + r2 0 ≤ r2 < r1
r1 = r2q2 + r3 0 ≤ r3 < r2

...

rn−2 = rn−1qn−1 + rn 0 ≤ rn < rn−1

rn−1 = rnqn

using n divisions to compute rn = gcd(a, m). Note that

• qi ≥ 1, i = 1, 2, . . . , (n− 1)

• (rn < rn−1) ⇒ (qn ≥ 2)

Let Fi denote the ith Fibonacci number. Then

rn ≥ 1 = F2

rn−1 = rnqn ≥ 2rn ≥ 2 = F3
rn−2 ≥ rn−1 + rn ≥ F3 + F2 = F4

...

r2 ≥ r3 + r4 ≥ Fn−1 + Fn−2 = Fn

r1 ≥ r2 + r3 ≥ Fn + Fn−1 = Fn+1

Using the growth rate of the Fibonacci numbers Fn+1 ≈ ϕn−1,
we find

m = r1 ≥ Fn+1 > ϕ
n−1

Take the logarithm base ϕ of both sides and use the change of
base formula for logarithms to derive the inequality

logϕm =
lgm

lgϕ
> n− 1

Since (lgϕ)−1 < 3 we have

3 lgm >
lgm

lgϕ
> n− 1

Another way to state the result is that if m can be represented in k
bits, then the number of divisions in Euclid’s algorithm is less than 3
times the number of bits in m’s binary representation.

http://en.wikipedia.org/wiki/Fibonacci
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Application

The least common multiple (lcm) is a number related to the great-
est common divisor (gcd). You’ve learned of it, if not by name, when
learning to add fractions: To add 5/3 and 8/5 use a common denomi-
nator. In this case 3 · 5 = 15. Note the cross multiplication and

addition of numerators and denomina-
tors: 5 · 5 + 3 · 8.5

3
+
8

5
=
25

15
+
24

15
=
49

15
.

Coding the extended Euclidean algorithm

Bézout’s identity provides the link between the greatest common
divisor and solving linear congruence equations.

Theorem 7: Bezout’s identity

Let 0 < m ≤ a. Then, there exists integers s and t such that

gcd(a, m) = at+ms

That is, the greatest common divisor gcd(a, m) can be written
as a linear combination of a and m.

Proof: Bezout’s identity

Let L = {ax+my > 0 : x, y ∈ Z} be the set of all positive lin-
ear combinations of a and m, and let

d = min {ax+my > 0 : x, y ∈ Z}

be the minimum value in L, Let t and s be values of x and y
that give the minimum value d. That is,

d = at+ms > 0

Let a divided by d give quotient q and remainder r.

a = dq+ r, 0 ≤ r < d

Then

r = a− dq

= a(1− tq) +m(sq)

∈ {ax+my ≥ 0 : x, y ∈ Z} and 0 ≤ r < d.

But since d is the smallest positive linear combination, r must
be 0 and d divides a. A similar argument shows d divides m.
That is, d is a common divisor of a and m. Finally, if c is any
common divisor of a and m, then c divides d = at +ms. That
is, d is the greatest common divisor of a and m.

I found the code for the extended Eu-
clidean algorithm here. The original is
by by Trevor Dixon.

http://en.wikipedia.org/wiki/Bezout
http://en.wikipedia.org/wiki/Greatest_common_divisor
http://en.wikipedia.org/wiki/Greatest_common_divisor
http://en.wikipedia.org/wiki/Linear_congruential_generator
https://gist.github.com/trevordixon/6895802
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Listing 9: Haskell Extended Euclidean Algorithm

48 〈Haskell Extended Euclidean algorithm 48〉≡
extendedEu :: Integer -> Integer -> (Integer, Integer)
extendedEu a 0 = (1, 0)
extendedEu a m = (t, s - q * t)

where (q, r) = quotRem a m
(s, t) = extendedEu m r

Exercises

1. Prove theorem 4.

2. What is the time complexity of the algorithm in listing 9.

3. Show that lcm(a, m) gcd(a, m) = am.

4. Write an least common multiple (lcm) algorithm in Haskell and
C.
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