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Fall 2012

Counting Relations

1. How many relations can be defined from a set X to a set Y if
|X| = n and |X| = m?

Answer: There are 2nm relations. To see this recall that a relation
can be represented by an adjacency matrix M. It this case M will
have n row and m columns, so there will be nm entries in M. Each
entry can be a 0 or a 1, so there are 2mn ways to fill out an adja-
cency matrix M.

2. How many relations can be defined on X if |X| = n?

Answer: When X has n elements, there are 2n2
relations on X.

3. If |X| = n, how many relations on X are reflexive?

Answer: An n× n matrix can be partitioned into a main diagonal
and upper and lower triangles

. . . ·

· . . .

A reflexive relation will have 1’s along the main diagonal. This
leaves the lower and upper diagonal to fill in with 0’s or 1’s. There
are n2 − n off-diagonal entries, so there are 2n(n−1) reflexive rela-
tions. Perhaps you recognize that n(n − 1) = 2n(n − 1)/2 and
n(n− 1)/2 = 1 + 2 + 3 + · · ·+ (n− 1). This expresses that there
is 1 entry in the lower corner, 2 entries in the next diagonal up, 3
entries in the next diagonal, and so on up to n − 1 entries in the
diagonal below the main diagonal.

4. If |X| = n, how many relations on X are symmetric?

Answer: For a symmetric relation, values in the lower triangle
determine values in the upper triangle and vice versa: If there is
a 1 in some entry in the lower triangle, there must be a 1 in the
symmetric entry in the upper triangle, and the same is True for 0.
Since there are n(n − 1)/2 entries in the lower triangle, there are
2n(n−1)/2 =

√
2n(n−1) symmetric relations.

5. If |X| = n, how many relations on X are antisymmetric?

Answer: Values also the main diagonal do not play a role in anti-
symmetry: They can be 0 or 1. This gives 2n ways to fill the main
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diagonal. For off-diagonal entries there are 3 possibilities: An en-
try and its symmetric entry can both be 0, or one can be 1 and the
other 0, or vice versa. Therefore, there are

2n3n(n−1)/2 = 2n
√

3n(n−1)

antisymmetric relations.
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